Unit – I
Objectives:
 To introduce the concepts of Electrostatics

Syllabus:
Basic Concepts: Coulomb’s Law, Electric field intensity, Electric fields due to Point Charge, line
charge, surface charge and volume charge distributions, Electric Flux Density, Gauss’s law,
Applications of Gauss law: Point Charge, Infinite Line Charge, Infinite Sheet of Charge,
Uniformly Charged Sphere, Divergence, Divergence Theorem.
Outcomes:
Students will be able to
 calculate the force between point charges.
 find the electric fields due to different charge distributions.
 understand Gauss law and its applications

 apply divergence theorem in different applications

Learning Material
Coulomb’s Law:
 Coulomb's law is an experimental law formulated in 1785 by the French colonel, Charles
Augustin de Coulomb. It deals with the force a point charge exerts on another point
charge.
 Coulomb's law states that the force F between two point charges Q1, and Q2 is:
1. Along the line joining them
2. Directly proportional to the product Q1Q2 of the charges
3. Inversely proportional to the square of the distance R between them.
 Expressed mathematically

 Where k is the proportionality constant, the distance R is in meters (m), and the force F is
in newtons (N). The constant
is known as the permittivity of free space (in farads per
meter)

 Hence the coulomb’s law can be expressed as

Electric field Intensity
 The electric field intensity (or electric field strength) E is the force per unit charge when
placed in the electric field.

Simply

 The electric field intensity E is obviously in the direction of the force F and is measured
in newtons/coulomb or volts/meter.

Charge Distributions
 Considered forces and electric fields due to point charges, which are essentially charges
occupying very small physical space. It is also possible to have continuous charge
distribution along a line, on a surface, or in a volume.
 The charge element dQ and the total charge Q due to these charge distributions and þ

Figure1: Various charge distributions and charge elements

Electric Fields due to Point Charge
 The electric field intensity due to a point charge is given by

Electric Fields due to Line Charge
Consider a line charge with uniform charge density pL extending from A to B along the zaxis as shown in Figure 4.6. The charge element dQ associated with element dl = dz of the
line is
 The total charge Q is

 for a finite line charge

 As a special case, for an infinite line charge, point B is at (0, 0, α) and A at (0, 0, -α), so
that α1 = π/2, α2 = -π/2; the z-component vanishes and becomes

Electric Fields due to Surface Charge
 Consider an infinite sheet of charge in the xy-plane with uniform charge density ps. The
charge associated with an elemental area dS and the total charge are
dQ = ρs dS

 E has only z-component if the charge is in the xy-plane. Electric Fields due to Surface
Charge is

Electric Fields due to Volume Charge
 Let the volume charge distribution with uniform charge density v. The charge dQ
associated with the elemental volume dv is
dQ = ρv dv
 the total charge in a sphere of radius a is

 The electric field intensity due to a volume
charge is given by

Electric flux Density (D):
The electric field intensity is dependent on the medium in which the charge is placed (for
example free space). Suppose a new vector field D independent of the medium is defined by
D=Ԑ0E
The electric flux ψ is defined in terms of D using namely
In SI units, one line of electric flux emanates from +1 C and terminates on - 1 C.
Therefore, the electric flux is measured in coulombs. Hence, the vector field D is called the
electric flux density and is measured in coulombs per square meter. The electric flux density is
also called electric displacement.

Gauss’s Law:

Statement: Gauss's law states that the total electric flux ψ through any closed surface is equal to
the total charge enclosed by that surface. Thus ψ = Qenc.
That is

1. Gauss's law is an alternative statement of Coulomb's law; proper application of the
divergence theorem to Coulomb's law results in Gauss's law.
2. Gauss's law provides an easy means of finding E or D for symmetrical charge
distributions such as a point charge, an infinite line charge, an infinite cylindrical surface
charge, and a spherical distribution of charge.

APPLICATIONS OF GAUSS'S LAW
The procedure for applying Gauss's law to calculate the electric field:
1. Knowing whether symmetry exists, we construct a mathematical closed surface
(known as a Gaussian surface).
2. The surface is chosen such that D is normal or tangential to the Gaussian surface.
3. When D is normal to the surface, D • dS = DdS because D is constant on the
surface. When D is tangential to the surface, D • dS = 0.
Thus we must choose a surface that has some of the symmetry exhibited by the charge
distribution.

Point Charge:
Suppose a point charge Q is located at the origin. To determine D at a point P, it is easy to
see that choosing a spherical surface containing P will satisfy symmetry conditions. Thus, a
spherical surface centered at the origin is the Gaussian surface in this case and is shown in Figure
below.

Fig.: Gaussian Surface about a Point Charge

Since D is everywhere normal to the Gaussian surface, that is, D = Drar applying Gauss's law (ψ
= Qenciosed) gives
Thus, D=(Q/4πr2)ar
Infinite Line Charge
Suppose the infinite line of uniform charge ρL C/m lies along the z-axis. To determine D
at a point P, we choose a cylindrical surface containing P to satisfy symmetry condition D is
constant on and normal to the cylindrical Gaussian surface; that is, D = Dρaρ. If we apply
Gauss's law to
an arbitrary length ‘l ’ of
the line

Thus,

Fig.: Gaussian surface about an infinite line charge.

Infinite Sheet of Charge
Consider the infinite sheet of uniform charge ρs C/m2 lying on the z = 0 plane. To
determine D at point P, we choose a rectangular box that is cut symmetrically by the sheet of
charge and has two of its faces parallel to the sheet as shown in Figure below. As D is normal
to the sheet, D = Dzaz, and applying Gauss's law gives

Thus ,

Fig.: Gaussian surface about an infinite line sheet of charge.

E due to Uniformly Charged Sphere:
 Let us consider a sphere of radius r having a uniform
Volume charge density of ρ C/m3.
v

 To determine D everywhere,
inside and outside the sphere, we
construct Gaussian surfaces of
radius r < r0 and r > r as shown
in figure.
 For the region r≤r0 ; the total
enclosed charge will be

Fig: Uniformly Charged
Sphere
 By applying Gauss's theorem,

 Therefore

 For the regionr≥r0; the total enclosed charge will be

 By applying Gauss's theorem,

Divergence:
Cartesian coordinates:

cylindrical coordinates:

Spherical coordinates:

 In connection with the divergence of a vector field, the following can be noted
 Divergence of a vector field gives a scalar.

Divergence theorem
 Divergence theorem states that the volume integral of the divergence of
vector field is equal to the net outward flux of the vector through the
closed surface that bounds the volume.
 Mathematically,

Proof:
 Let us consider a volume V enclosed by a surface S . Let us subdivide the volume
in large number of cells. Let the kth cell has a volume Vand the corresponding
surface is denoted by Sk.
 Interior to the volume, cells have common surfaces. Outward flux through these
common surfaces from one cell becomes the inward flux for the neighboring
cells.
 Therefore when the total flux from these cells are considered, we actually get the
net outward flux through the surface surrounding the volume. Hence we can
write:

.
Hence we get, which is the divergence theorem.

Assignment-Cum-Tutorial Questions
A. Questions testing the remembering / understanding level of students
I) Objective Questions
1. State Coulomb’s Law.
2. Define Electric Field Intensity
3. What is Gauss’s Law?
4. Units of Electric Flux Density
a) C b)C/m

c) C/m2 d) C-m

5. Gaussian surface is chosen such that D is ____________ to the surface.
(a) normal only
(b) tangential only.
(c) either normal or tangential
(d) either normal or tangential or both
6. Give the expression for divergence theorem.
7. Relation between Electric flux density and Electric Field Intensity is ____________
8. (i) Surface charge density
(A) Newton/coloumb
(ii) Volume charge density

(B) coloumb/meter

(iii) Line charge density

(C) ρv

(iv) Electric field intensity

(D) coloumb/meter2

(a) i-A ii-B iii-C iv-D
(b) i-B ii-D iii-A iv-C
(c) i-D ii-C iii-B iv-A
(d) i-D ii-B iii-C iv-A
9. Force between two point charges acts along the line joining the charges. True/False
10. Units for volume charge density_____________________________

II)

Descriptive Questions

1. Explain Coulomb’s law
2. Derive the expression for electric field intensity due to infinite line charge.
3. How do you find Electric field intensity due to infinite sheet of charge?
4. Explain Electric flux density.
5. How do you find Electric field intensity using Gauss’s law? Explain with example.
6. Derive Electric flux density for infinite sheet of charge using Gauss’s Law.
7. Obtain the expression for Electric flux density for infinite line charge using Gauss’s law.
8. State and explain divergence theorem.
B. Question testing the ability of students in applying the concepts.
I) Multiple Choice Questions:
1. If the charge of one object is doubled, what would happen to the force?
a) it would lose half its strength

[ ]

b) it would be twice as strong
c) there would be no change
d) the objects would lose their charge
2. In coulomb's law force of attraction or repulsion between two charges is
a) inversely proportional to charges
b) directly proportional to product of charges
c) directly proportional to square of distance between them
d) Inversely proportional to distance between them
3. Find the force on charge
and Q2 at (2, 0, 0) m. [ ]

[ ]

Q1, 20 μC, due to charge Q2, −300 μC, where Q1 is at (0, 1, 2) m

(a) 4ax+2 ay-2 az (b) 4ax-2 ay-4 az (c) 4ax+2 ay+4 az (d) 4ax-2 ay-8 az
4. Find E at (0, 3, 4) m in Cartesian coordinates due to a point charge Q = 0.5 μC at the origin. [ ]
(a)180V/m in the direction of 0.6ay+0.8az
(b) 160V/m in the direction of 0.6ay+0.8az
(c) 180V/m in the direction of 0.6ay-0.8az
(d) 160V/m in the direction of 0.6ay-0.8az

5. Charge is distributed uniformly over the plane z = 10 cm with a density ρs = (1/3π) nC/m2.
Find |E|[ ]
(a)5V/m (b)3V/m (c)6 V/m (d)8V/m

6. Find the charge in the volume defined by 0 ≤ x ≤ 1 m, 0 ≤ y ≤ 1 m, and 0 ≤ z ≤ 1 m if ρ =
30x2y(μC/m3). [ ]
(a)6 μC
(b) 5 μC
(c) -5 μC
(d) 7 μC
7. Three point charges, Q1 = 30 nC, Q2 = 150 nC, and Q3 = −70 nC, are enclosed by surface S.
What net flux crosses S? [ ]
(a) 120 nC

(b)110 nC

(c)140 nC

(d)100 nC

8. Given that D = 10xax (C/m2), determine the flux crossing a 1-m2 area that is normal to
the x axis at x = 3 m. [ ]
(a) 40C

(b) 23C

(c) 67C

9. Given the vector field
(a)4

(d)30C

find div A at x = 1. [ ]

(b)10

(c)5

(d)12

10. D field due to a point charge has a divergence of _______ [ ]
(a) 1

(b) 2

(c) infinity

(d) 0

11. If there is total charge of 10pC over a surface area of 0.2m2, find the surface charge
density.___________________ [ ]
(a) 60 pC/m2

II)

(b) 50 pC/m2

(c) 70 pC/m2

(d) 80 pC/m2

Problems:

1. Find the force on a 100 μC charge at (0, 0, 3) m if four like charges of 20 μC are located on
the x and y axes at ±4 m.
Ans: F = 1.73 𝑎̅z
2. Find the force on a point charge of 50 μC at (0, 0, 5) m due to a charge of 500π μC that is
uniformly distributed over the circular disk r ≤ 5 m, z = 0 m.
Ans: 16.56 𝑎̅z
3. Find E at (0, 0, 5)m due to Q1 = 0.35 μC at (0, 4, 0) m and Q2 = −0.55 μC at (3, 0, 0) m.
Ans: 74.9𝑎̅x-48𝑎̅y-64.9𝑎̅z

4. On the line described by x = 2 m, y = − 4 m there is a uniform charge distribution of
density ρℓ= 20 nC/m. Determine the electric field E at (−2, −1, 4) m
Ans: -57.6𝑎̅x+43.2𝑎̅y
5. Two infinite uniform sheets of charge, each with density ρs, are located at x = ±1.
Determine E in all regions.
Ans: x<-1;E = -(ρs/ε0) 𝑎̅x
x>1; E = (ρs/ε0) 𝑎̅x
-1<x<1; E = 0.

6. Find the electric field intensity E at (0, Φ, h) in cylindrical coordinates due to the uniformly
charged disk r ≤ a, z = 0.
Ans: (ρsh/2€0) ((-1/ √𝑎 + ℎ ))+(1/h)) 𝑎̅z
7. A circular ring of radius a carries a uniform charge pL C/m and is placed on the xy-plane
with axis the same as the z-axis. Show that

8. A point charge, Q = 30 nC, is located at the origin in Cartesian coordinates. Find the electric
flux density D at (1, 3, −4) m.
Ans: 9.18*10-11

𝑎̅ + 𝑎̅ − 𝑎̅
√ 6

c/m2

D.GATE LEVEL QUESTIONS:
1. Divergence of the vector field
V(x,y,z) = -(xcosxy+y)i + (ycosxy)j + (sin x2+y2+z2)k is
(a) 2z cosz2

(b) sinxy+2zcosz2

(c) xsinxy-cosz

(d) None of these

Ans: a
2. Two point charges Q1 = 10µc and Q2 = 20µc are placed at coordinates (1,1,0) and (-1,-1,0),
respectively, the total electric flux passing through a plane z=20 will be
(a) 7.5 µc

(b) 13.5 µc

(c) 15 µc

(d) 22.5 µc

Ans: b
3. The divergence of the vector field A = x𝑎̅x+y𝑎̅y+z𝑎̅z is

(a) 0

(b) 1/3

(c) 1

(d) 3

Ans: d

Unit – 1(2)
Objectives:
 To introduce the concepts of magnetic fields, potential and force on different elements in
magnetic field.
Biot-Savart’s Law, Ampere’s Circuital Law-Applications of Ampere’s Circuital Law :
Infinite Line Current, Infinite Sheet of Current, Infinitely long Coaxial Transmission line, Curl,
Stokes’s Theorem, Magnetic Flux and Magnetic Flux Density, Magnetic Scalar and Vector
Potentials, Force on a moving charge- Lorentz Force Equation, Force on a current element, Force
between current elements.
Outcomes:
Students will be able
 Understand the Biot-Savart law, Ampere’s law and stokes theorem.
 Calculate the magnetic field intensity at different currents.
 Understand the magnetic field and magnetic flux density.
 Measure the force on different elements.

Biot-Savart’s Law
The magnetic field intensitydHproduced at a point P, by the differential current clement I
dlis proportional to the product I dl and the sine of the angle αbetween the clement and the line
joining P tothe element and is inversely proportional to the square of the distance Rbetween P
and the element.

From the cross product

We can use the right-handed screw rule to determine the direction of dH: with the screw placed
along the wire and pointed in the direction of current flow, the direction of advance of the screw
is the direction of dHas in Figure

Determining the direction of dHusing
(a) the right-hand rule, or (b) the right-handed screw rule.
It is customary to represent the direction of the magnetic field intensity H (or current /) by a
small circle with a dot or cross sign depending on whether H (or I) is out of, or into.

If we define K as the surface current density (in amperes/meter) and J as the volume current
density (in amperes/meter square), the source elements are related as
Thus in terms of the distributed current sources, the Biot-Savart law as becomes

Ampere's circuit law states that the line integral of the tangential component of H around a
dosed path is the same as the net current Ienc enclosed by the path.

Ampere's law is similar to Gauss's law and it is easily applied to determine H when the
current distribution is symmetrical.
By applying Stoke's theorem to the left-hand side

Applications of Ampere's Law
We now apply Ampere's circuit law to determine H for some symmetrical current
distributionsas we did for Gauss's law.
Infinite Line Current
Consider an infinitely long filamentary current I along the z-axis. To determine H at an
observation point P, we allow a closed path pass through P. This path, on which Ampere's law is
to be applied, is known as an Amperian path (analogous to the term Gaussian surface).

Infinite Sheet of Current
Consider an infinite current sheet in the z = 0 plane. If the sheet has a uniform currentdensity K =
KyayA/m

Where an is a unit normal vector directed from the current sheet to the point of interest.
Infinitely Long Coaxial Transmission Line

Consider an infinitely long transmission line
consisting of two concentric cylinders having
their axes along the z-axis. The inner conductor
has radius a and carries current I while the outer
conductor has inner radius b and thickness t and
carries return current -I . We want to determine
H everywhere assuming that current is uniformly
distributed in both conductors.

The curl of A is an axial (or rotational) vector whose magnitude is the maximum circulation of
A per unit area as the area lends to zero and whose direction is the normal direction of the area
when the area is oriented so as to make the circulation maximum.

Stokes's theorem suites that the circulation of a vector field A around a (closed) pain L is equal
to the surface integral of the curl of A over the open surface S bounded by L provided that A and
are continuous on .V

Magnetic Flux Density
The magnetic flux density B is similar to the electric flux density D. As D = µoEin free space,
the magnetic flux density B is related to the magnetic field intensity H according to
Where µo is a constant known as the permeability of free space.The constant is in henrys/meter
(H/m) and has the value of
The magnetic flux through a surface S is given by

An isolated magnetic charge does not exist. Thus the total flux through a closed surface in a
magnetic field must be zero.

By divergence theorem

This equation is the fourth Maxwell's equation to be derived

Magnetic Scalar and Vector Potentials
Recall that some electrostatic field problems were simplified by relating the electric potential V
to the electric field intensity E (E = — VV). Similarly, we can define a potential associated with
magnetostatic field B. In fact, the magnetic potential could be scalar Vmor vector A. To define
Vmand A involves recalling two important identities

We define the magnetic scalar potential Vm(in amperes) as related to H according to

We can define the vector magnetic potential A (in Wb/m) such that

Forces due to Magnetic Fields
The force can be (a) due to a moving charged particle in a B field, (b) on a current element in an
external B field, or (c) between two current elements.
Force on a Charged Particle
A magnetic field can exert force only on a moving charge. From experiments, it isfound that the
magnetic force Fmexperienced by a charge Q moving with a velocity u in amagnetic field B is
This clearly shows that Fm is perpendicular to both u and B.
For a moving charge Q in the presence of both electric and magnetic fields, the totalforce on the
charge is given by

This is known as the Lorentz force equation. It relates mechanical force to electrical force. If the
mass of the charged particle moving in E and B fields is m, by Newton's second law of motion.

Force on a Current Element
To determine the force on a current element / dl of a current-carrying conductor due to the
magnetic field B, ``

This shows that an elemental charge dQmoving with velocity u (thereby producing convection
current element dQu) is equivalent to a conduction current element Idl. Thus the force on a
current element Idlin a magnetic field B
If the current / is through a closed path L or circuit, the force on the circuit is given by

The magnetic field B is defined as the force per unit current element.
Force between Two Current Elements

Let us now consider the force between two elements I1 dl1and I2 dl2According to BiotSavart'slaw, both current elements produce magnetic fields. So we may find the force d(df) on
element I1 dl1 due to the field dB2 produced by element I2 dl2.

We obtain the total force F, on current loop 1 due to current loop 2

Assignment-Cum-Tutorial Questions
A. Questions testing the remembering / understanding level of students
1. State Biot-Savarts Law.

2. Write the expression for point form of Ohm’s Law
3. What are the units for current sheet density?
4. Give the expression for Lorentz’s force equation.
5. What is the relation between magnetic field intensity and magnetic flux density?
6. State ampere’s Law.
7. Static magnetic fields are produced from charges at rest. (true/ fasle)
8. Differential form of Ampere’s circuits law__________
9. The value of inductance depends on the physical parameters only. (true/ fasle)
10. The boundary condition on H(tangential components) in magnetic field
is______________
II) Descriptive Questions
1. Derive the expression for magnetic field intensity due to infinitely long straight
filamentary conductor carrying current.
2. How do you find Husing ampere’s Law. Explain with an example.
3. Explain magnetic flux density and magnetic scalar and vector potential.
4. Derive the expression for force between two current carrying conductors.
5. Find the magnetic field intensity due to infinite current sheet having current density K.
6. Explain the concept of curl and Stoke’s theorem.
7. Explain about magnetic scalar and vector potentials.
B. Question testing the ability of students in applying the concepts.
I) Level One Questions:
1. What is the current density which produces magnetic field of H=285x ay.
2. If magnetic field intensity B=1.0ax+3.0ayWb/m2 a current filament 10az mA-m is placed.
Find the force on this current element.
3. A current sheet K=10az A/m lies in the x=4m plane and second sheet K=-10az A/m is at
x=-4m. findH at all points
4. Calculate the curl of H in Cartesian coordinates due to a current filament along the z-axis
with current I in the az direction.
5. In cylindrical coordinates, B=(2.0/r) aØ (T). Determine the magnetic flux Ø crossing the
plane surface defined by 0/5≤r≤2.5m and 0≤z≤2.0m.
6. Find the force on a straight conductor of length 0.30m carrying a current of 5.0A in the –aZ
direction, where the field is B=3.50x10-3 (ax-ay)T.
7. A conductor of length 2.5m located at z=0, x=4m carries a current of 12.0A in the -ay
direction. Find the uniform Bin the region if the force on the conductor is 1.20x10-2N in
the direction (-ax+az)/√2.
II) Level Two Questions:
1. Find H at the centre of square current loop of side ‘L’ . Ans: 2√2I/πL an
2. A long straight conductor cross section with radius a has magnetic field strength
H=(Ir/2πa2)aØ within the conductor (r<a) and H=(I/2πr)aØfor r>a. Find J in both regions.
Ans: I/πa2az& 0
3. Find the flux crossing the portion of the plane Ø=π/4 defined by 0.01<r<0.05m and
0<z<2m. Acurrent filament of 2.50A along the z-axis is in the az direction.Ans: 1.16µWb
4. A current filament of 5.0A in the ay direction is parallel to the y-axis at x=2m, z=-2m. Find
H at theorigin. Ans: 0.281(ax+ay)/√2 A/m.
5. Find H on the axis of a circular current loop of radius a. Specialize the result to the center
of the loop. Ans: (I/2a) az

6. Obtain the vector magnetic potential A in the region surrounding an infinitely long,
straight filamentary current I. Ans: (µ 0I/2π)ln(r0/r)az
7. Obtain the vector magnetic potential A for current sheet shown in figure below.

Ans: for z > 0 A=-µ 0/2(z-z0)K&
for z < 0 A=µ 0/2(z-z0)K
D. GATE LEVEL QUESTIONS
1. The magnetic field in an ideal conductor is []
a. zero b. Infinite c. finite d. Unity
2. If a charge 1C is moving with a velocity 2 axin a magnetic field of B=1ay, the force on the
charge is []
a. 2 az a. 1 ay a. 2 ax a. 1az
3.If the curl of the magnetic field is 2 axA/m2 , the current density is []
a. 2 axA/m2 a. 2 axA/m2 a. 2 axA/m2 a. 2 axA/m2

Energy expended in moving a point charge in an Electric Field:
 If we attempt to move the test charge against the electric field, we have to exert a force
equal and opposite to that exerted by the field, and this requires us to expend energy , or
do work.Suppose we wish to move a charge Q a distance dL in an electric field E.
 The force on Q due to the electric field is Fe=QE. Where the subscript reminds us that
this force is due to the field. The component of this force in the dLwhich we must
overcome is FEL= =QE.aL .Where aLa unit vector in the direction of dL. The force we
must apply is equal and opposite to the force due to the field,
 Fappl=-QE.aL. and our expenditure of energy is the product of force and the distance.
 Differential work done by external source moving Q, i.edW=-QE.dL.
Electric Potential:
 Suppose we wish to move a point charge Q from point A to point B in an electric field E,
then from Coulomb's law, the force on Q is F = QE so that the work done in displacing
the charge by dlis dW=-F.dl=-QE.dl. The negative sign indicates that the work is done by
an external agent.
 The work required to move the charge a finite distance must be determined by
integrating,

 Where the path must be specified before the integral can be evaluated.
 Dividing the above equation by Q gives the potential energy per unit charge.This quantity
denoted by VAB, whichis known as the potential difference between points A and B.

Note:1. In determining VAB, A is the initial point while B is the final point.
2. If VABis negative, there is a loss in potential energy in moving Q from A to B;this implies
that the work is being done by the field. However, if VABis positive, there is a gain in
potential energy in the movement; an external agent performsthe work.
3. VABis independent of the path taken.
4. VABis measured in joules per coulomb, commonly referred to as volts (V).

Fig: Displacement of point charge Q in an electrostatic field E.
 If the E field due to a point charge Q located at the origin, then

 Then , the above equation becomes

 whereVBand VAare the potentials (or absolute potentials) at B and A, respectively.
Thusthe potential difference VABmay be regarded as the potential at B with reference to A.
 Inproblems involving point charges, it is customary to choose infinity as reference; that
is,we assume the potential at infinity is zero. Thus if VA = 0 as rA —» infinity, the
potentialat any point (rB—> r) due to a point charge Q located at the origin is
V=Q/(4πε0r).Hence the potential difference VAB is independent of the path.
Electric Potential:
 The potential at any pointis the potential difference between that point and a chosen
point at which the potential difference is zero.
 By assuming zero potential at infinity, the potential at a distance r from thepoint charge is
the work done per unit charge by an external agent in transferring a testcharge from
infinity to that point. Thus

 If the point charge Q in eq. (4.63) is not located at the origin but at a point whose position
vector is r', the potential V(x, y, z) or simply V(r) at r becomes

 We have considered the electric potential due to a point charge. The same basic ideas
apply to other types of charge distribution because any charge distribution can be
regarded as consisting of point charges. The superposition principle, which we applied to
electric fields, applies to potentials. For n point charges Q1, Q2,……….,Qnlocated at
points with position vectors r1, r2,. . ., rn, the potential at r is

 For continuous charge distributions, we replace Qk with charge element pL dl, psdS, or pv
dv and the summation becomes an integration, so the potential at r becomes

 where the primed coordinates are used customarily to denote source point location and
theunprimed coordinates refer to field point (the point at which V is to be determined).
Points to remember:1. The zero potential (reference) point has been chosen arbitrarily to be at infinity. If any other
point is chosen as reference,becomes

whereC is a constant that is determined at the chosen point of reference.
2. The potential at a point can be determined in two ways depending on whether thecharge
distribution or E is known.

The potential difference VABcan be found generally from

Relation between E and V:Potential Gradient: The potential difference between points A and B is independent of the path taken. Hence,
VBA= -VAB. That is VBA+VAB=∮ E • dl = 0.
 This shows that the line integral of E along a closed path must be zero. Physically, this
implies hat no net work is done in moving a charge along a closed path in an electrostatic
 Stokes's theorem to above equation gives

(or) ∇xE = 0.
 Any vector field that satisfies eq. (4.73) or (4.74) is said to be conservative, or
irrotational, as discussed in Section 3.8. Thus an electrostatic field is a conservative field.
The above equations are referred to as Maxwell's equation (the second Maxwell's
equation to be derived) for static electric fields.

Fig.: Conservative nature of an electrostatic field.
We know that ,V = - ∫ E • dl,
It follows that,dV = -E. dl= -Ex dx - Eydy- Ez dz.
But,

Comparing the two dv expressions , we obtain

Thus,
 That is, the electric field intensity is the gradient of V. The negative sign shows that the
direction of E is opposite to the direction in which V increases; E is directed from higher
tolower levels of V. Since the curl of the gradient of a scalar function is always
zero∇x∇V=0.
 Obviously implies that E must be a gradient of some scalar function. Another way to
obtain the E field apart from using Coulomb's or Gauss's law. That is, if the potential
field V is known, the E can be found using above equation.
Electric Dipole
 An electric dipole is formed when two point charges of equal magnitude but opposite
sign are separated by a small distance.

 The potential at point P(r, ,ø) is given by

Energy Density in Electrostatic Fields
 To determine the energy present in an assembly of charges, we must first determine the
amount of work necessary to assemble them.
 Suppose we wish to position three point charges Qx, Q2, and Q3 in an initially empty
space shown shaded in Figure

Convection and Conduction Currents
 The current (in amperes) through a given area is the electric charge passing through the
area per unit time.

 We now introduce the concept of current density J. If current A/ flows through a surface
AS, the current density is

 The current density m a given point is the current through a unit normal area at that point.

 I is the convection current
 The conduction current is

Continuity Equation and Relaxation Time
 Due to the principle of charge conservation, the time rate of decrease of charge within a
given volume must be equal to the net outward current flow through the closed surface of
the volume.
 Thus current /out coming out of the closed surface is

 which is called the continuity of current equation

 The time constant Tr(in seconds) is known as the relaxation time or rearrangement time.
 Relaxation time is the lime it takes u charge placed in the interior of a material to drop to
e-1= 36.8 percent of its initial value.
Assignment-Cum-Tutorial Questions
A. Questions testing the remembering / understanding level of students
1. What is the relation between E and V?
2. Define convection current.
3. What is meant by electric dipole
4. Define conduction current density.
5. Convection and conduction currents are identical? (true/false)
6. Charge density inside the conductor is zero? (true/false)
7. The charge is doubled everywhere the total energy is__________
8. Application of electric field to dielectric material produces______________
9. What is the value potential at all the points on the surface of a conductor?
10. What is the unit of electric dipole moment?

II) Descriptive Questions

8. Derive the expression for energy expended in moving a point charge in electric field.
Explain the concepts of potential difference and potential.
9. What is mean by electric dipole? Find potential at a distant point due to electric dipole.
10. Derive the expression for energy density in electrostatic field.
11. Derive the relation between current density and volume charge density.
12. Explain the following.
a). continuity equation for current.
b). relaxation time
c). potential gradient.
d).properties of conductors.
B. Question testing the ability of students in applying the concepts.
I) Level One Questions:
1. A charge of 10 PC is at rest in free space. Find the potential at a point, A 10 cm away
from the charge. [ ]
(a) 0.5 v(b) 0.6 v (c) 0.8 v (d) 0.9 v
2. The potential at a point A is 10 volts and at B it is 15 volts. If a charge , Q=10 micro
coulombs is moved from A to B, what is the work required to be done?
(a) 60µJ(b) 50µJ (c) 80µJ (d) 70µJ
3. An electric field is given by E = 10 y ax+10x ay V/m. Find the potential function, V.
(assume V=0 at the origin.)
(a) 0 volts (b) 2 volts (c) 4 volts (d) 3 volts
4. A point charge Q=10 nC is at the origin. Determine the potential difference at A(1,0,0)
with respect to B(2, 0, 0).
(a) 42V (b) 44 V (c) 45V (d) 40V
5. If the potential function, V is given by V= x3y-xy2+3z, what is the potential gradient.
__________________________________
6. An electric dipole, 1 ay nC-m is located at (0, 0, 0). What is the potential at (1,𝜋/4, π/2).
(a) 5.7 volts (b) 4.8 volts (c) 5.9 volts (d) 6.3 volts
7. An electric dipole, 1 aznC-m is at (0, 0, 0). Find the electric field at (0, 0, 1).
(a) 16 arV/m (b) 18 arV/m (c) 15 arV/m(d) 17 arV/m
8. What is the relaxation time of sea water whose єr=81 and σ=5 mho/m.
(a) 143.37 Ps(b) 134.54 Ps(c) 127.65 Ps(d) 165.67 Ps
II)

Level Two Questions:
1. Two point charges Q1= -4µC and Q2= 5µC are located at (2, -1, 3) and (0, 4, -2)
respectively. Determine the potential at P(1,0,1) due to the point charge.
Ans: -5.87kV
2. An electrostatic field is given by E = (x/2 + 2y)ax + 2xay (V/m). Find the work done in
moving a point charge Q = –20μC(a) from the origin to (4, 0, 0) m, and (b) from (4, 0, 0)
m to (4, 2, 0) m. Ans: a. 80µJ b. 320µJ
3. A total charge of 40/3 nC is uniformly distributed in the form of a circular disk of
radius 2 m. Find the potential due to this charge at a point on the axis, 2 m from the disk.

4.
5.

6.
7.

8.

Compare this potential with that which results if all of the charge is at the center of the
disk. Ans: 49.7V & 60V
For a line charge ρℓ = (10–9/2) C/m on the z axis, find VAB, where A is (2 m, π/2, 0)
and B is (4 m,π, 5 m). Ans: 6.24V
Forty nanocoulombs of charge is uniformly distributed around a circular ring of radius 2
m. Find the potential at a point on the axis 5 m from the plane of the ring. Compare with
the result where all the charge is at the origin in the form of a point charge.
Ans: 66.7V & 72V
Five equal point charges, Q = 20 nC, are located at x = 2, 3, 4, 5, and 6 m. Find the
potential at the origin. Ans: 261V
Find the stored energy in a system of four identical point charges, Q = 4 nC, at the
corners of a square 1 m on a side. What is the stored energy in the system when only two
charges at opposite corners are in place? Ans: 780nJ & 102nJ
Find the current crossing the portion of the y = 0 plane defined by −0.1 ≤ x ≤ 0.1 m and
−0.002 ≤ z ≤ 0.002 m if J=100 cos 2y ax (A/m2). Ans: 4mA

C. Questions testing the analysing and evaluating ability of students
1. Point charges <2, = 1 nC, Q2 = - 2 nC, Q3 = 3 nC, and Q4 = - 4 nC are positioned one at a
time and in that order at (0, 0, 0), (1,0, 0), (0, 0, - 1 ) , and (0, 0, 1), respectively. Calculate the
energy in the system
D. GATE LEVEL QUESTIONS:
1. Potential at all the points on the surface of a conductor is [ ]
a. the same b. not the same c. zero d. infinity
2. Relaxation time of a medium with εr=3 and σ=3 Mho/m is [ ]
a. 8.854 Psec b. 9 Psec c. 7.9686 Psec d. 1 sec

Unit – 2
Objectives:
 To introduce the concepts of time varying fields and Maxwell’s equations
Force and torque on a closed circuit, Magnetic Dipole and Dipole Moment,Magnetization in
Materials, Magnetic boundary conditions, Inductors and Inductances,Magnetic Energy.
Time Varying Fields and Maxwell’s Equations: Faraday’s law, TransformerEMF and
Motional EMF, Inconsistency of Ampere’s Law, Displacement current,Maxwell’s equations,
Time Harmonic Fields, Maxwell’s Equations using PhasorNotation.
Electromagnetic waves-I: Wave Equations for Perfect Dielectrics and Conductingmedium,
Uniform plane wave propagation, Uniform Plane waves, Relation betweenE and H in a
uniform Plane Wave.
Outcomes:
Students will be able
 Derive the magnetic boundary conditions at different interfaces
 Understand concepts of time varying fields
 Understand the physical significance of the Maxwell’s equations
 Learn how the propagation of EM waves in different media.

TIME VARYING AND MAXWELL’S EQUATIONS:
Faraday's Law:
After Oersted's experimental discovery (upon which Biot-Savart and Ampere based
theirlaws) that a steady current produces a magnetic field, it seemed logical to find out if
magnetismwould produce electricity. In 1831, about 11 years after Oersted's
discovery,Michael Faraday in London and Joseph Henry in New York discovered that a timevaryingmagnetic field would produce an electric current.
According to Faraday's experiments, a static magnetic field produces no current flow,
but a time-varying field produces an induced voltage (called electromotive force or
simplyemf) in a closed circuit, which causes a flow of current.
Faraday discovered that the induced emf.M (in volts), in any closed circuit isequal to
the time rale of change of the magnetic flux linkage by the circuit.
This is called Faraday's law, and it can be expressed as

WhereN is the number of turns in the circuit and V is the flux through each turn. The
negativesign shows that the induced voltage acts in such a way as to oppose the flux
producing it.

Figure:A circuit showing emf-producing fieldand electrostatic field E.
This is known as Lenz's law,2 and it emphasizes the fact that the direction of
currentflow in the circuit is such that the induced magnetic field produced by the induced
currentwill oppose the original magnetic field.Recall that we described an electric field as one
in which electric charges experienceforce. The electric fields considered so far are caused by
electric charges; in such fields, theflux lines begin and end on the charges. However, there are
other kinds of electric fields notdirectly caused by electric charges. These are emf-produced
fields. Sources of emf includeelectric generators, batteries, thermocouples, fuel cells, and
photovoltaic cells, which allconvert nonelectrical energy into electrical energy.
Consider the electric circuit of Figure, where the battery is a source of emf.
Theelectrochemical action of the battery results in an emf-produced field Ey. Due to the
accumulationof charge at the battery terminals, an electrostatic field Ee{ = — VV) also
exists.
The total electric field at any point is
E = Ey + Ee
Note that Ey is zero outside the battery, Ey and Eehave opposite directions in the battery,

and the direction of Ee inside the battery is opposite to that outside it. If we integrate eq. over
the closed circuit,

where § Ee• d\ = 0 because Ee is conservative. The emf of the battery is the line integral
of the emf-produced field; that is,

since Eyand Eeare equal but opposite within the battery. It may also be regardedas the
potential difference (VP - VN) between the battery's open-circuit terminals.It is important to
note that:
1. An electrostatic field Eecannot maintain a steady current in a closed circuit since
$LEe-dl = 0
2. An emf-produced field Eyisnonconservative.
3. Except in electrostatics, voltage and potential difference are usually not equivalent.
TRANSFORMER AND MOTIONAL EMFs
Having considered the connection between emf and electric field, we may examine how
Faraday's law links electric and magnetic fields. For a circuit with a single turn (N = 1),

In terms of E and B, eq. can be written as

where P has been replaced by JsB • dSand S is the surface area of the circuit bounded
bythe closed path L. It is clear from eq. (9.5) that in a time-varying situation, both electric
andmagnetic fields are present and are interrelated. Note that d\ and JS in eq. (9.5) are in
accordancewith the right-hand rule as well as Stokes's theorem. This should be observed in
above Figure . The variation of flux with time as in above equ may be caused in threeways:
1. By having a stationary loop in a time-varying B field
2. By having a time-varying loop area in a static B field
3. By having a time-varying loop area in a time-varying B field.
Each of these will be considered separately.
Stationary Loop in Time-Varying B transformer emf.
This is the case portrayed in Figure above where a stationary conducting loop is in a
timevarying magnetic B field. Equation becomes

Figure.Inducedemf due to a stationary loop in a timevaryingB field
This emf induced by the time-varying current (producing the time-varying B field) in a
stationaryloop is often referred to as transformer emfin power analysis since it is due
totransformer action. By applying Stokes's theorem to the middle term in below eq. we obtain

For the two integrals to be equal, their integrands must be equal; that is,

This is one of the Maxwell's equations for time-varying fields. It shows that the timevarying
E field is not conservative (V X E =0). This does not imply that the principles ofenergy
conservation are violated. The work done in taking a charge about a closed path in a time
varying electric field, for example, is due to the energy from the time-varying magnetic field.
Observe that Figure below, obeys Lenz's law; the induced current / flows such asto produce a
magnetic field that opposes B(f).
Moving Loop in Static B Field (Motional emf)
When a conducting loop is moving in a static B field, an emf is induced in the loop. We
recall from below eq, that the force on a charge moving with uniform velocity u in a
magneticfield B is
We define the motional electric field Em as

If we consider a conducting loop, moving with uniform velocity u as consisting of a large
number of free electrons, the emf induced in the loop is

This type of emf is called motional emfor flux-cutting emfbecause it is due to motionalaction.
It is the kind of emf found in electrical machines such as motors, generators, and alternators.
Figure below illustrates a two-pole dc machine with one armature coil and a
twobarcommutator. Although the analysis of the d.c. machine is beyond the scope of this
text,we can see that voltage is generated as the coil rotates within the magnetic field.

Anotherexample of motional emf is illustrated in Figure below, where a rod is moving
between a pair of rails. In this example, B and u are perpendicular.
eq. becomes

Inconsistency of Ampere’s Law and Displacement current:
In the previous section, we have essentially reconsidered Maxwell's curl equation for
electrostaticfields and modified it for time-varying situations to satisfy Faraday's law. We
shallnow reconsider Maxwell's curl equation for magnetic fields (Ampere's circuit law) for
Time-varying conditions.
For static EM fields, we recall that

But the divergence of the curl of any vector field is identically zero .
Hence,
The continuity of current in eq, however, requires that

that it becomes
where idis to be determined and defined. Again, the divergence of the curl of any vector is
zero. Hence:
In order for eq.

By above equations

MAXWELL'S EQUATIONS IN FINAL FORMS:
James Clerk Maxwell (1831-1879) is regarded as the founder of electromagnetic
theory inits present form. Maxwell's celebrated work led to the discovery of
electromagneticwaves. Through his theoretical efforts over about 5 years (when he was
between 35 and40), Maxwell published the first unified theory of electricity and magnetism.
The theorycomprised all previously known results, both experimental and theoretical, on
electricityand magnetism. It further introduced displacement current and predicted the
existence ofelectromagnetic waves. Maxwell's equations were not fully accepted by many

scientistsuntil they were later confirmed by Heinrich Rudolf Hertz (1857-1894), a German
physicsprofessor. Hertz was successful in generating and detecting radio waves.The laws of
electromagnetism that Maxwell put together in the form of four equationswere presented in
Table below for static conditions. The more generalizedforms of these equations are those for
time-varying conditions shown in Table 9.1. Wenotice from the table that the divergence
equations remain the same while the curl equationshave been modified. The integral form of
Maxwell's equations depicts the underlyingphysical laws, whereas the differential form is
used more frequently in solving problems.For a field to be "qualified" as an electromagnetic
field, it must satisfy all four Maxwell'sequations. The importance of Maxwell's equations
cannot be overemphasized becausethey summarize all known laws of electromagnetism. We
shall often refer to them in theremaining part of this text.
Since this section is meant to be a compendium of our discussion in this text, it is
worthwhile to mention other equations that go hand in hand with Maxwell's equations.
The Lorentz force equation
Generalized Forms of Maxwell's Equations

TIME-HARMONIC FIELDS:
So far, our time dependence of EM fields has been arbitrary. To be specific, we shall
assume that the fields are time harmonic.
A time-harmonic field is one thai varies periodically or sinusoidallywiih time.Not only is
sinusoidal analysis of practical value, it can be extended to most waveforms byFourier
transform techniques. Sinusoids are easily expressed in phasors, which are moreconvenient to
work with. Before applying phasors to EM fields, it is worthwhile to have abrief review of
the concept of phasor.
Aphasor z is a complex number that can be written as
Herein lies the justification for using phasors; the time factor canbe suppressed in our
analysis of time-harmonic fields and inserted when necessary. Also note that in Table, the
time factor e'01' has been assumed. It is equally possible to haveassumed the time factor
e~ja", in which case we would need to replace every y in Table with —j.

TABLE:Time-Harmonic Maxwell's Equations

Electromagnectic Waves-1:
Our first application of Maxwell's equations will be in relation to electromagnetic
wavepropagation. The existence of EM waves, predicted by Maxwell's equations, was first
investigatedby Heinrich Hertz. After several calculations and experiments Hertz succeededin
generating and detecting radio waves, which are sometimes called Hertzian waves in
hishonor.In general, waves are means of transporting energy or information.
Typical examples of EM waves include radio waves, TV signals, radar beams, and lightrays.
All forms of EM energy share three fundamental characteristics: they all travel at high
velocity; in traveling, they assume the properties of waves; and they radiate outwardfrom a
source, without benefit of any discernible physical vehicles.
Our major goal is to solve Maxwell's equations and derive EM wavemotion in the following
media:

Where w is the angular frequency of the wave. Case 3, for lossy dielectrics, is the
mostgeneral case and will be considered first. Once this general case is solved, we
simplyderive other cases (1,2, and 4) from it as special cases by changing the values of a, e,
andix. However, before we consider wave motion in those different media, it is appropriate
thatwe study the characteristics of waves in general. This is important for proper
understanding of EM waves.Power considerations, reflection, and transmission between two
differentmedia will be discussed later.
Uniform plane wave propagation:
A clear understanding of EM wave propagation depends on a grasp of what waves are
ingeneral.A wave is a function of both space and time. Wave motion occurs when a
disturbance at point A, at time to, is related to what happens atpoint B, at time t > t0. Partial
differential equation of the second order. In one dimension, a scalar wave equationtakes the
form of

where u is the wave velocity.

It can be solved by following procedure. Its solutions are of the form

For the moment, let us consider the solution in above eq. Taking the imaginary part
of this equation, we have

This is a sine wave chosen for simplicity; a cosine wave would have resulted had we taken
the real part of above eq.
1. It is time harmonic because we assumed time dependence ejo" .
2. A is called the amplitude of the wave and has the same units as E.
3. (ox - /3z) is the phase (in radians) of the wave; it depends on time t and space variablez.
4. w is the angular frequency (in radians/second); 0 is the phase constant or wavenumber (in
radians/meter).
Due to the variation of E with both time t and space variable z, we may plot £ as
afunction of t by keeping z constant and vice versa. The plots of E(z, t = constant) andE(t, z =
constant) are shown in Figure 10.1(a) and (b), respectively. From Figure 10.1(a),we observe
that the wave takes distance X to repeat itself and hence X is called the wavelength (in
meters). From Figure , the wave takes time T to repeat itself; consequentlyT is known as the
period (in seconds). Since it takes time T for the wave to traveldistance X at the speed u, we
expect
X = uT
But T = l/f, where/is the frequency (the number of cycles per second) of the wave in
Hertz (Hz). Hence,Because of this fixed relationship between wavelength and frequency, one
can identify theposition of a radio station within its band by either the frequency or the
wavelength.Usually the frequency is preferred. Also, because

Plot of E(z, t)(b) with constant z.

(b)
• A sin(co/ - &z): (a) with constant t

Equation shows that for every wavelength of distance traveled, a wave undergoes aphase
change of 2TT radians.We will now show that the wave represented by eq. is traveling with a
velocityu in the +z direction. To do this, we consider a fixed point P on the wave,as the wave
advances with time, point P moves along +z direction. Point P is a point ofconstant phase,
therefore

which is the same as eqshows that the wave travels with velocityu in the +z direction.
Similarly, it can be shown that the wave B sin (cos + (5z) ineq. is traveling with velocity u in
the — z direction.
In summary, we note the following:
1. A wave is a function of both time and space.
2. Though time / = 0 is arbitrarily selected as a reference for the wave, a wave iswithout
beginning or end.
3. A negative sign in (u>t ± /3z) is associated with a wave propagating in the +z
direction(forward travelling or positive-going wave) whereas a positive sign indicatesthat a
wave is travelling in the —z direction (backward travelling or negativegoingwave).
Assignment-Cum-Tutorial Questions
A. Questions testing the remembering / understanding level of students
1. Define Magnetic dipole
2. Explain magnetic dipole moment
3. Torque or moment of the force given by_______________
4. What is faraday’s law?
5. Define transformer EMF
6. What is motion EMF?
7. Give the expression for displacement current
8. Intrinsic impedance for free space_____________
9. B and H have the same direction. (yes/no)
10.A field can exist if it satisfies
( )
a) Gauss law b) Faradays law c) Coulomb law d) All Maxwell’s equations
II)
Descriptive Questions
1. Derive the expression for torque on planar coil placed in uniform magnetic field
2. Explain magnetic boundary conditions
3. What is magnetization in materials explain
4. Derive the expression for energy stored in magnetic fields

5. What is inconsistency of Ampere’s law? Explain with example
6. Explain the Maxwell’s equations for static fields and time varying fields.
7. Derive the wave equation for perfect dielectric medium.
8. Derive the wave equation for conducting medium
9. Derive the relation between E& H in uniform plane waves
10. Explain uniform plane waves
B. Question testing the ability of students in applying the concepts.
I) Level One Questions:
1. Write Maxwell’s equation in phasor form
2. A circular-cross-section conductor of radius 1.5 mm carries a current ic = 5.5 sin (4 × 1010t)
(μA). What is the amplitude of the displacement current density, if σ = 35 MS/m
and ∊r = 1?
3 In a material for which σ = 5.0 S/m and ∊r = 1 the electric field intensity is E = 250 sin
1010t(V/m). Find the conduction and displacement current densities, and the frequency
at which they have equal magnitudes.
4 Find the induced voltage in the conductor of Fig. where B = 0.04ay T and
5 The circular loop conductor shown in Fig. lies in the z = 0 plane, has a radius of 0.10 m and
a resistance of 5.0 Ω. Given B = 0.20 sin 103taz (T), determine the current.

6 Find the inductance per unit length of a coaxial conductor such as that shown in

II) Level Two Questions:
1. In region 1 of below figure B1=1.2ax+0.8ay+0.4az T. Find H2( at z=+0) and the angles
between thr filed vectors and a tangent to the interface.

Ans: θ1=15.50&θ2=76.50
2 A current shet K=6.5az A/m, at x=0 separate region 1, x<0, where H1=10ay A/m and
region 2, x>0 Find H2 at x=+0.
Ans: H2= 16.5ay A/m
3. Given E= Em sin(ῳt-βz) ay in free space, find D,B and H. Sketch E and H at t=0.
ans: D=ε0E & B= -(βEm/ῳ) sin(ῳt-βz)azH= -(βEm/µ 0ῳ) sin(ῳt-βz) ax
4. Given H= Hmejῳt+βzax in free space, find E
ans: E= (βHm/ῳε0) ejῳt+βzax
5. In free space E(z,t)=1000sin(ῳt-βz) ay V/m. Obtain H(z,t).

6. The parallel plates in a capacitor have an area of 4X10-4 m2 and are separated by 0.4cm. A
voltage of 10 sin103t v is applied to the capacitor. Find the displacement current when
dielectric material between the plates has relative permittivity of 4.
Ans: 35.42cos(1000t)nA
7. An electric field in a medium which is source free is given by E=1.5cos (108t-βz) ax V/m.
Where β is phase constant. Obtain B,H,D assume µr=1, εr=1, σ=0.
Ans: B=(1.5β/108)cos (108t-βz) aywb/m2
H=12βcos (108t-βz) ay mA/m
D=13.28cos (108t-βz) axpC/m2
D. GATE LEVEL QUESTIONS.
1. An electrostatic is said to be conservative when
(a) The divergence of the field is equal to zero
(b) The curl of the field is equal to zero
(c) The curl of the field to –𝜕𝐵/𝜕𝑡
(d) The Laplacian of the field is equal to 𝜇𝜀𝜕2𝐸/𝜕𝑡2

2. Vector potential is a vector
(a) whose curl is equal to the magnetic flux density
(b) whose curl is equal to the electric field intensity
(c) whose divergence is equal to the electric potential
(d) which is equal to the vector product E x H

Conductor Properties:
Materials are broadly classified in terms of their electrical properties as conductors and
nonconductors. Non conducting materials are usually referred to as insulators or dielectrics.
Conductor Properties:
In a broad sense, materials may be classified in terms of their conductivity σ, in mhos
per meter (℧ /m) or Siemens per meter (S/m), as conductors and nonconductors, or
technically as metals and insulators (or dielectrics). The conductivity of a material usually
depends on temperature and frequency. A material with high conductivity (σ » 1) is referred
to as a metal whereas one with low conductivity (σ<< 1) is referred to as an insulator. A
material whose conductivity lies somewhere between those of metals and insulators is called
a semiconductor.
A conductor has abundance of charge that is free to move. When an external electric
field Ee is applied, the positive free charges are pushed along the same direction as the
applied field, while the negative free charges move in the opposite direction. This charge
migration takes place very quickly. The free charges do two things. First, they accumulate on
the surface of the conductor and form an induced surface charge. Second, the induced
charges set up an internal induced field E,, which cancels the externally applied field Ee.
Note: A perfect conductor cannot contain an electrostatic field within it.
A conductor is called an equipotential body, implying that the potential is the same
everywhere in the conductor. This is based on the fact that E = - ∇V = 0.

Another way of looking at this is to consider Ohm's law, J = σ E. To maintain a finite

current density J, in a perfect conductor (σ —>∞), requires that the electric field inside the
conductor must vanish. In other words, E —> 0 because σ —>∞in a perfect conductor. If
some charges are introduced in the interior of such a conductor, the charges will move to the
surface and redistribute themselves quickly in such a manner that the field inside
theconductor vanishes. According to Gauss's law, if E = 0, the charge density ρv must be
zero.

The conductor has a uniform cross section S and is of length l. The direction of the
electric field E produced is the same as the direction of the flow of positive charges or current
I. This direction is opposite to the direction of the flow of electrons. The electric field applied
is uniform and its magnitude is given byE=V/ l
Since the conductor has uniform cross section J = I/S.
And R=V/I . Therefore R= (ρc l) / S

On solving

And ,

Which is known as Joules law.

Which is the common form of Joule’s law in electromagnetic theory.
POLARIZATION IN DIELECTRICS:
When an electric field E is applied, the positive charge is displaced from its
equilibrium position in the direction of E by the force F+ = QEwhile the negative charge is
displaced in the opposite direction by the force F_ = QE. A dipole results from the
displacement of the charges and the dielectric is said to be polarized.In the polarized state,
the electron cloud is distorted by theapplied electric field E. This distorted charge distribution
is equivalent, by the principle of
superposition, to the original distribution plus a dipole whose moment isp = Qd
dipole moment per unit volume of the dielectric is

The electric field E on a dielectric is the creation of dipole moments that align themselves in
the direction of E. This type of dielectric is said to be non-polar.

Fig.: Polarization of a nonpolar atom or molecule.

BOUNDARY CONDITIONS:
If the field exists in a region consisting of two different media, the conditions that the field
must satisfy at the interface separating the media are called boundary conditions.
These conditions are helpful in determining the field on one side of the boundary if the field
on the other side is known. Obviously, the conditions will be dictated by the types of material
the media are made of. We shall consider the boundary conditions at an interface separating
•dielectric (Єr1) and dielectric (Єr2)
• conductor and dielectric
• conductor and free space
To determine the boundary conditions, we need to use Maxwell's equations:

Also we need to decompose the electric field intensity E into two orthogonal components:
E=Et+En
whereE, and En are, respectively, the tangential and normal components of E to the interface
of interest.
Dielectric-Dielectric Boundary Conditions:

Consider the E field existing in a region consisting of two different dielectrics characterized
by ε1= ε0εr1. E1and E2 in media 1 and 2, respectively, can be decomposed as
E1 = E1t + E1n
E2 = E2t + E2n
We apply to the closed path abcdaassuming that the path is very small with respect to the
variation of E.

Thus the tangential components of E are the same on the two sides of the boundary In other
words, E, undergoes no change on the boundary and it is said to be continuous across the
boundary.Since D =εE = Dt + Dn, equation can be written as

that is, D, undergoes some change across the interface. Hence D,is said to be discontinuous
across the interface.

Fig.: Dielectric-Dielectric Boundary
Similarly, we can apply to the pillowbox (Gaussian Surface). Allowing Δh—> 0

wherepsis the free charge density placed deliberately at the boundary. The assumption
is that D is directed from region 2 to region 1 and must be applied accordingly. If no free
charges exist at the interface (i.e., charges are not deliberately placed there), ps= 0.Then
D1n=D2n.
Thus the normal component of D is continuous across the interface; that is,
Dnundergoes no change at the boundary. Since D = εE. Therefore, ε1E1n=ε2En. It shows that
the normal components of Eisdiscontinuous at the boundary.

Fig.: Refraction of D and E at a Dielectric- dielectric boundary.
On solving,

This is the law of refraction of the electric field at a boundary free charge.
Conductor-Dielectric Boundary Conditions:
The conductor is assumed to be perfect (i.e., σ —>∞ or ρc—> 0). Although such a conductor
is not practically realizable, we may regard conductorssuch as copper and silver as though
they were perfect conductors.

Fig.: Conductor-Dielectric Boundary
To determine the boundary conditions for a conductor-dielectric interface, we follow
the same procedure used for dielectric-dielectric interface except that we incorporate the fact
that E = 0 inside the conductor. For the closed path abcdaof Figure above gives

As Δh->0 , Et=0
Similarly, for the pillbox by letting Δh—> 0, weget
On solving Dn=ρs.

Conductor-Free Space Boundary Conditions:
This is a special case of the conductor-dielectric conditions and is illustrated. The
boundary conditions at the interface between a conductor and free space can be obtained BY
replacing εrby 1 (because free space may be regarded as a special dielectric for which εr= 1).
We expect the electric field E to be external to the conductor and normal to its surface. Thus
the boundary conditions are

Fig.: Conductor – free space boundary

CAPACITANCE: The capacitance C of the capacitor as the ratio of the magnitude of the
charge on one of the plates to the potential difference between them; that is

The negative sign before V = — / E • d\ has been dropped because we are interested in
theabsolute value of V. The capacitance C is a physical property of the capacitor and in
measuredin farads (F). Using above eq.C can be obtained for any given two-conductor
capacitanceby following either of these methods:
1. Assuming Q and determining V in terms of Q (involving Gauss's law)
2. Assuming Vand determining Q in terms of V(involving solving Laplace's equation
We shall use the former method here, and the latter method will be illustrated in Examples.
The former method involves taking the following steps:
1. Choose a suitable coordinate system.
2. Let the two conducting plates carry charges + Q and — Q.

Figure: A two-conductor capacitor.
3. Determine E using Coulomb's or Gauss's law and find VfromV = — J E • d\. Thenegative
sign may be ignored in this case because we are interested in the absolutevalue of V.
4. Finally, obtain C from C = Q/V.We will now apply this mathematically attractive
procedure to determine the capacitanceof some important two-conductor configurations.
A. Parallel-Plate Capacitor
Consider the parallel-plate capacitor of Figure 6.13(a). Suppose that each of the plates has
an area S and they are separated by a distance d. We assume that plates 1 and 2, respectively,
carry charges +Q and —Q uniformly distributed on them so that

Figure: (a) Parallel-plate capacitor(b) fringing effect due to a parallel-platecapacitor.
An ideal parallel-plate capacitor is one in which the plate separation d is very small compared
with the dimensions of the plate. Assuming such an ideal case, the fringing field at the edge
of the plates, as illustrated in Figure 6.13(b), can be ignored so that the fieldbetween them is
considered uniform. If the space between the plates is filled with a homogeneousdielectric
with permittivity e and we ignore flux fringing at the edges of the plates,
from eq. D = -psaxor

Hence

and thus for a parallel-plate capacitor

B. Coaxial Capacitor
This is essentially a coaxial cable or coaxial cylindrical capacitor. Consider length L of
twocoaxial conductors of inner radius a and outer radius b (b > a) as shown in Figure. Let the
space between the conductors be filled with a homogeneous dielectric with permittivitys. We
assume that conductors 1 and 2, respectively, carry +Q and -Q uniformly distributedon them.
By applying Gauss's law to an arbitrary Gaussian cylindrical surface ofradius p (a < p < b),
we obtain

Figure :Coaxial capacitor.

Hence

Thus the capacitance of a coaxial cylinder is given by

C. Spherical Capacitor:
This is the case of two concentric spherical conductors. Consider the inner sphere of radius
aand outer sphere of radius b{b> a) separated by a dielectric medium with permittivity as
shown in Figure. We assume charges +Q and -Q on the inner and outer spheres

Figure:Spherical capacitor respectively. By applying
Gauss's law to an arbitrary Gaussian spherical surface of radius
r(a<r<b),

that is

Thus the capacitance of the spherical capacitor is

POISSON'S AND LAPLACE'S EQUATIONS:
Poisson's and Laplace's equations are easily derived from Gauss's law (for a linear material
medium)

And

By above equations

for an inhomogeneous medium. For a homogeneous medium, above equation becomes

This is known as Poisson's equation. A special case of this equation occurs when pv = 0
(i.e., for a charge-free region).
Which is known as Laplace’s equation.
Recall that the Laplacian operator
was derived.Thus Laplace's equation in Cartesian,
cylindrical,or spherical coordinates respectively is given by

GENERAL PROCEDURE FOR SOLVING POISSON'SOR LAPLACE'S
EQUATION:
The following general procedure may be taken in solving a given boundary-value problem
involving Poisson's or Laplace's equation:
1. Solve Laplace's (if pv = 0) or Poisson's (if pv =£ 0) equation using either (a)
directintegration when V is a function of one variable, or (b) separation of variables if Vis a
function of more than one variable. The solution at this point is not unique butexpressed in
terms of unknown integration constants to be determined.
2. Apply the boundary conditions to determine a unique solution for V. Imposing the
given boundary conditions makes the solution unique.
3. Having obtained V, find E using E = - V and D from D = eE.
4. If desired, find the charge Q induced on a conductor using Q = J psdSwhereps — Dnand
Dnis the component of D normal to the conductor. If necessary, thecapacitance between two
conductors can be found using C = Q/V.
Solving Laplace's (or Poisson's) equation, as in step 1, is not always as complicated as
it may seem. In some cases, the solution may be obtained by mere inspection of the
problem. Also a solution may be checked by going backward and finding out if it satisfies
both Laplace's (or Poisson's) equation and the prescribed boundary conditions.
EXAMPLE 6.1
Current-carrying components in high-voltage power equipment must be cooled to carryaway
the heat caused by ohmic losses. A means of pumping is based on the force transmittedto the
cooling fluid by charges in an electric field. The electrohydrodynamic (EHD)pumping is
modeled in Figure 6.1. The region between the electrodes contains a uniformcharge p0,
which is generated at the left electrode and collected at the right electrode. Calculatethe
pressure of the pump if po = 25 mC/m3 and Vo = 22 kV.
Solution:
Since p,, # 0, we apply Poisson's equation

The boundary conditions V(z = 0) = Vo and V(z = d) = 0 show that V depends only on z
(there is no p or <j>dependence). Hence

Integrating once gives

Integrating again yields

Figure: Anelectrohydrodynamic
pumpwhere A andB are integration constants to be determined by applying the boundary
conditions.
When z = 0, V = Vo,
When z = d, V = 0,
or

The electric field is given by

The net force is

The force per unit area or pressure is

Assignment-Cum-Tutorial Questions
A. Questions testing the remembering / understanding level of students
1. Write any two properties of conductor.
2. Define capacitance.
3. What is meant by polarization?
4. Write expression for Laplace’s equation.
5. What is Poisson’s equation?
6. What are the boundary conditions for the conductor- frees pace boundary
7. The units of polarization in dielectrics is-----------------8. The capacitance of the co-axial capacitor is --------------9. Capacitance depends upon dielectric between conductors. True/False
10. If the electric susceptibility of a dielectric is 4, its relative permittivity is ( )
a) 5
b) 4
c) 3
d) 2
II)
1.
2.
3.
4.
5.
6.

Descriptive Questions
Derive the boundary conditions for dielectric-dielectric interface.
Find the capacitance of parallel plate capacitor using Laplace’s equation?
Find the capacitance of coaxial capacitor.
Derive the boundary conditions for the conductor- dielectric interface.
Explain the concept of polarization in dielectrics?
Explain about Poisson’s and Laplace’s equations

B. Question testing the ability of students in applying the concepts.
I) Level One Questions:
1. Find the magnitudes of D and P for a dielectric material in which E = 0.15 mV/m and χe=
4.25.
2. A parallel-plate capacitor with area 0.30 m2 and separation 5.5 mm contains three
dielectrics with interfaces normal to E and D, as follows: ∊r1 =3.0, d1 =1.0mm; ∊r2 = 4.0, d2 =
2.0 mm;∊r3 = 6.0, d3 = 2.5 mm. Find the capacitance.
3. Find the polarization P in a dielectric material with ∊r = 2.8 if D = 3.0 × 10–7a C/m2.
Assuming the material to be homogeneous and isotropic
4. Two point charges in a dielectric medium where ∊r = 5.2 interact with a force of
8.6 × 10–3 N. What force could be expected if the charges were in free space?
5. Find the capacitance of an isolated sphere of radius 1 cm.
6. Find the energy stored in the capacitor, where capacitor is 70.83pF and 10V applied to it.
II) Level Two Questions:
1. Find the capacitance of parallel plate capacitor contains two dielectric with the interface
normal to D and E.
2.Given that E1 = 2ax – 3ay + 5az (V/m) at the charge-free dielectric interface of Fig.,
find D2 and the angles θ1 and θ2.

Ans:D2= ∊0 (10ax-15ay+10az)C/m2,θ1= 54.20and θ2=290
3. Find the capacitance of an isolated spherical shell of radius a.
4. Find the capacitance of parallel plate capacitor.
5. Derive the capacitor for capacitance of spherical capacitor.
6. Region y<0 consists of a perfect conductor while region y>0 is a dielectric medium (∊r =
2).If there is a surface charge of 2n C/m2 on the conductor, determine E and D at
a). A (3,-2,2)
b). B(-4,1,5)
Ans: a. 0 & b. 113.1ay V/m.
D. GATE LEVEL QUESTIONS.
1. Find the polarisation P in a homogenous and isotropic dielectric material whose εr=3 when
D= 3 ar µC/m2
[ ]
2
2
2
2
a.1.5ar µC/m
b. 2 ar µC/m
c.2.5 ar µC/m
d.3 ar µC/m
2.Example of polar type of dielectric is
a. Oxygen
b. Water

c.Hydrogen

[ ]
d. Nitrogen

3.If a potential of 1V is applied across a capacitor of 10 PF, the energy stored is [ ]
a. 5 PJ
b.10 PJ
c. 100 PJ
d. 0.01 PJ

Unit – 3 & 4
Objectives:
 To introduce the concepts of wave propagation and refraction of electromagnetic waves
in different media.
Syllabus:
UNIT – III & IV: Electromagnetic Waves-I & II
Wave Propagation in lossless medium and conducting medium, Conductors andDielectricsCharacterization. Polarization, Direction Cosines of normal to the planeof wave. Reflection and
Refraction of Plane Waves – Normal and Oblique Incidencesfor Perfect Conductor and Perfect
Dielectrics- Horizontal and Vertical Polarization,Surface Impedance, Poynting’s theorem and
Poynting’s Vector.
Outcomes:
Students will be able
 Understand concept of wave propagation in different media.
 Reflection and refraction of plane waves.
 Understand the concept of polarization.
 Measure the power flowing through the given volume.

Our first application of Maxwell's equations will be in relation to electromagnetic
wavepropagation. The existence of EM waves, predicted by Maxwell's equations, was first
investigatedby Heinrich Hertz. In general, waves are means of transporting energy or
information.Typical examples of EM waves include radio waves, TV signals, radar beams, and
lightrays. All forms of EM energy share three fundamental characteristics: they all travel athigh
velocity; in traveling, they assume the properties of waves; and they radiate outward
from a source, without benefit of any discernible physical vehicles
WAVE PROPAGATION IN LOSSY DIELECTRICS:
wave propagation in lossy dielectrics is a general case fromwhich wave propagation in
other types of media can be derived as special cases. Therefore,this section is foundational to the
next three sections

A lossydielectric is a medium in which an EM wave loses power as it propagatesdue to poor
conduction.
In other words, a lossy dielectric is a partially conducting medium (imperfect dielectric or
imperfect conductor) with a ¥= 0, as distinct from a lossless dielectric (perfect or good
dielectric)in which a = 0.Consider a linear, isotropic, homogeneous, lossy dielectric medium that
is charge free(pv= 0). Assuming and suppressing the time factor ej"', Maxwell's equations

andy is called the propagation constant (in per meter) of the medium. By a similar procedure,it
can be shown that for the H field,

The above Equations are known as homogeneous vector Helmholtz 's equations orsimply vector
wave equations.
We obtain a and beeta from eqs

A sketch of |E| at times t = 0 and t = At is portrayed , where it is evidentthat E has only an xcomponent and it is traveling along the +z-direction. Having obtainedE(z, t), we obtain H(z, t)
either by taking similar steps to solve or by using eq. in conjunction with Maxwell's equations ,
We will eventuallyarrive at

And eeta is a complex quantity known as the intrinsic impedance (in ohms) of the medium. It
can be shown by following the steps taken in

E and H are out of phase by 0, at anyinstant of time due to the complex intrinsic impedance of
the medium. Thus at any time, Eleads H (or H lags E) by 6V. Finally, we notice that the ratio of
the magnitude of the conductioncurrent density J to that of the displacement current density Jdin
a lossy mediumis

PLANE WAVES IN LOSSLESS DIELECTRICS:
In a lossless dielectric, a <$C we. It is a special case of that

Substituting these in general case.

PLANE WAVES IN FREE SPACE:

This may also be regarded as a special case, Thus we simply replace e byeo and \k by /xo in eq
Either way, we obtain

where c =3 X 108 m/s, the speed of light in a vacuum. The fact that EM wave travels infree
space at the speed of light is significant. It shows that light is the manifestation of anEM wave. In
other words, light is characteristically electromagnetic.
By substituting the constitutive parameters dv = 0 andV = ^oi where rjo is called the intrinsic
impedance of free space and is given by

PLANE WAVES IN GOOD CONDUCTORS:
This is another special case of that considered , A perfect, or good conductor,

Hence the charecteristics

Skin depth:
Therefore, as E (or H) wave travels in a conducting medium, its amplitude is attenuated by
the factor e~az. The distance <5, through which the wave amplitudedecreases by a factor
e~l(about 37%) is called skin depth or penetration depth of themedium; that is,
or

The skin depth is a measure of the depth to which an EM wave can penetrate theMedium.

Normal and oblique Incidence:
Incident Wave:
(E,, H,) is traveling along +az in medium 1. If we suppress the time factor ejᾠtand
assume that

Reflected Wave: (Er, Hr) is traveling along +azin medium 1. If Ers(z) = Er0e zax

Fig.:A Plane wave Incident normally on an Interface between two different media
Transmitted Wave:
(Et, Ht) is traveling along +azin medium 2. If

Then reflection coefficient

And

By solving the electric component of the wave is
Similarly the magnetic field component of the wave is

REFLECTION OF A PLANE WAVE AT OBLIQUE INCIDENCE:

Fig.:Oblique Incidence of a plane wave

Fig.: Oblique incidence with E parallel to the plane of incidence.

The above equations are called the Fresnel Equations.
Brewsters Angle:

Perpendicular Polarization:
E field is perpendicular to the plane of Incidence.

While the transmitted field inmedium 2 is given by

Then on solving

Fig.:Oblique incidence with E perpendicular to the plane of incidence

POWER AND THE POYNTING VECTOR:

Energy can be transmitted from one point to another point by means of EM
Waves. The rate of such energy transportation can be obtained from Maxwell’s
equations

The above equation is referred to as Poyntingtheorem . The pointing vector is denoted by

Assignment-Cum-Tutorial Questions
A. Questions testing the remembering / understanding level of students
1. Define Brewster angle
2. Give the expression for pointing vector
3. Define surface impedance
4. What is linear polarisation in EM WAVES?
5. Give the expression for dissipation factor.
6. At which property conduction current density is equal to displacement current density.
7. Give the expression for intrinsic impedance of conducting medium.
8. Give the expression for propagation constant, attenuation constant and phase constant in
conducting medium.
9. Give the expression for velocity of wave in conducting medium
10. Define skin depth or depth of penetration
11. Define transmission coefficient and reflector coefficient
12. Define standing wave
13. Define standing wave ratio of EM wave
14. What is skin effect?
15. Define parallel polarization and perpendicular polarization in oblique incidence.
16. Define loss angle and loss tangent of the medium.
II)
Descriptive Questions
1. Explain wave propagation in lossless medium
2. Explain wave propagation in lossy medium (Conducting medium)
3. Explain polarization in EM wave and discuss circular polarization.
4. Explain reflection of waves at normal incidence on perfect conductor.
5. Explain reflection of waves at normal incidence on dielectric medium
6. Discuss the vertical polarization for wave incident obliquely on perfect conducting surface
7. Explain the Horizontal polarization for wave incident obliquely on perfect conducting surface
8. Explain refraction of waves at oblique incidence on dielectric medium
9. Explain Poyntingtheorm.
B. Question testing the ability of students in applying the concepts.
I) Level One Questions:
1. Given the field E = E0e− zaE (time dependence suppressed), show that E can have no
component in the propagation direction, +az.
2. A wave is incident at an angle of 30° from air to Teflon, ∊r = 2.1. Calculate the angle of
transmission, and repeat with an interchange of the regions.

3. Determine the propagation constant for a material having μr = 1, ∊r = 8, and σ = 0.25 pS/m, if
the wave frequency is 1.6 MHz.

4. Find the skin depth δ at a frequency of 1.6 MHz in aluminum, where σ = 38.2 MS/m and μr =
1. Also find and the wave velocity u.

5. Calculate the intrinsic impedance η, the propagation constant , and the wave velocity u at a
frequency ƒ = 100 MHz for a conducting medium in which σ = 58 MS/m and μr = 1
6. The Brewster angle for a parallel-polarized wave travelling from air into glass for which∊r =
5.0 is
7. If H field is given H(z,t)=48cos(108t+40z)ay A/m, identify the amplitude, frequency and
phase constant and find the wavelength.

8. When the amplitude of the magnetic field in a plane wave is 2A/m, a) determine the
magnitude of electric field in free space b) determine the magnitude of electric field when the
plane wave propagating in a medium which is characterised by σ=0, µ=µ0, ε=4ε0.
II) Level Two Questions:
1. An H field travels in the −az direction in free space with a phaseshift constant of 30.0 rad/m
and an amplitude of (1/3π) A/m. If the field has the direction −ay when t = 0 and z = 0, write
suitable expressions for E and H. Determine the frequency and wavelength.
Ans: π/15 m & (45/π)108 Hz
2. A perpendicularly polarized wave propagates from region 1 (∊r1 = 8.5, μr1 = 1, σ1 = 0) to
region 2,
free
space,
with
an
angle
of
incidence
of
15°.Given

.
Ans: 0.623µV/m, 1.623µV/m, 4.83nA/m & 4.31nA/m
3. A plane wave traveling in the +z direction in free space (z < 0) is normally incident at z = 0 on
a conductor (z > 0) for which σ = 61.7 MS/m, μr = 1. The free-space E wave has a frequency ƒ =
1.5 MHz and an amplitude of 1.0 V/m; at the interface it is given by
. Find H(z, t) for z > 0.
-αz
Ans: -2280e sin(2πft-βz-π/4)axA/m
4. In free space, E(z, t) = 50 cos (ωt − z)ax (V/m). Find the average power crossing a circular
area of radius 2.5 m in the plane z = const.
Ans: 65.1W
5. The amplitude of Ei in free space (region 1) at the interface with region 2 is 1.0 V/m. if Hr0=1.41x10-3A/m. εr2=18.5 and σ2=0 find µ r2.
Ans: 198.4
6. Earth has a conductivity of σ=10-2mho/m, εr=10, µ r=2.What are the conducting characteristics
of the earth at f=50Hz, 1 kHz, 1 MHz, 100 MHz, and 10GHz.
7. A medium like copper conductor which is characterised by σ=5.8X107mho/m, εr=1, µ r=1
supports a uniform plane wave of frequency 60Hz. Find attenuation constant, propagation
constant, intrinsic impedance, wavelength and wave velocity.
Ans: 117.2 /m, 117.2+j117.2 /m & 2.022+j2.022µΩ, 5.36cm & 3.216m/s.
8. The magnetic field H of a plane wave has a magnitude of 5mA/m in a medium defined by
εr=4, µ r=1. Determine a) average power flow b)maximum energy density in the plane wave.

Ans: 2353.75µW/m2& 31.42pJ/m3
C. Questions testing the analysing and evaluating ability of students
1. A travelling wave is described by y=10 sin (βz-ῳt). sketch the wave at t=0 and at t=t1, when it
has advanced lamada/8, if the velocity is 3x108 m/s and the angular frequency ῳ=106 rad/s and
the same time t1.
D.GATE LEVEL QUESTIONS
1. The incoming solar radiation at a place on the surface of the earth is 1.2 KW/m2. The
amplitude of the electric field corresponding to this incident power is nearly equal to
(a) 80 mV / m
(b) 2.5 V / m
(c) 30 V /m
(d) 950 V / m
2. which of the following field equations indicate that the free magnetic charges do not exist?
a. H=1/µ▼xA
b.H=ᶋidlxR/4πR2
c.▼.H=0
d.▼xH=J

Unit-V & VI
Transmission Lines - I
7.1Transmission line Types
In communications and electronic engineering, a transmission line is a specialized
cable or other structure designed to carry alternating current of radio frequency, that is,
currents with a frequency high enough that their wave nature must be taken into
account. Transmission lines are used for purposes such as connecting radio
transmitters and receivers withtheir antennas,distributing cabletelevision signals, trun
klines routing calls between telephone switching centres, computer network
connections and high speed computer data buses.
This article covers two-conductor transmission line such as parallel line (ladder
line),coaxial cable, stripline, and microstrip.

Fig7.1Transmission line types

7.2 Transmission line Parameters:
The primary line constants are parameters that describe the characteristics of
conductive transmission lines, such as pairs of copperwires, in terms of the physical
electrical properties of the line. The primary line constants are only relevant to such
lines and are to be contrasted with the secondary line constants, which can be derived
from them, and are more generally applicable. The secondary line constants can be
used, for instance, to compare the characteristics of awaveguide to a copper line,
whereas the primary constants have no meaning for a waveguide.
The constants are conductor resistance and inductance, and insulator capacitance and
conductance, which are by convention given the symbols R, L, C, and G respectively.
The constants are enumerated in terms of per unit length. The circuit representation of
these elements requires a distributed element model and consequently calculus must be
used to analyse the circuit. The secondary constants of characteristic
impedance and propagation constant can be derived in this way.
A number of special cases have particularly simple solutions and important practical
applications. Low loss cable requires only L and C to be included in the analysis, useful
for short lengths of cable. Low frequency applications, such as twisted pair telephone
lines, are dominated by R and C only. High frequency applications, such
as RF co-axial cable, are dominated by L and C. Lines loaded to prevent distortion
need all four elements in the analysis, but have a simple, elegant solution.
There are four primary line constants, but in some circumstances some of them are
small enough to be ignored and the analysis can be simplified. These four, and their
symbols and units are as follows:
Table:7.1 Primary constans of transmission lines
Name

Symbol

Units

Unit symbol

loop resistance

R

ohms per metre

Ω/m

loop inductance

L

henries per metre

H/m

insulator capacitance

C

farads per metre

F/m

insulator conductance G

siemens per metre S/m

R and L are elements in series with the line (because they are properties of the
conductor) and C and G are elements shunting the line (because they are properties of
the dielectric material between the conductors). G represents leakage current through
the dielectric and in most cables is very small. The word loop is used to emphasize that
the resistance and inductance of both conductors must be taken into account. For
instance, if a line consists of two identical wires that have a resistance of 25 mΩ/m
each, the loop resistance is double that, 50 mΩ/m. Because the values of the constants
are quite small, it is common for manufacturers to quote them per kilometre rather than
per metre; in the English-speaking world "per mile" can also be used.
The word "constant" can be misleading since there is some variation with frequency. In
particular, R is heavily influenced by the skin effect. Furthermore, while G has
virtually no effect at audio frequency, it can cause noticeable losses at high frequency
with many of the dielectric materials used in cables due to a high loss tangent.
Avoiding the losses caused by G is the reason many cables designed for use at UHF are
air-insulated or foam-insulated (which makes them virtually air-insulated). The actual
meaning of constant in this context is that the parameter is constant with distance. That
is the line is assumed to be homogenous lengthwise. This condition is true for the vast
majority of transmission lines in use today

7.3 Transmission Line Equations
Equivalent-circuit model of transmission line section:

R( / m) , L( H / m) , G(S / m) , C ( F / m)

Transmission line equations:In higher-frequency range, the transmission line model is
utilized to analyze EM power flow.
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7.5Primary & Secondary Constants
The primary line constants are parameters that describe the characteristics of
conductive transmission lines, such as pairs of copper wires, in terms of the physical
electrical properties of the line. The primary line constants are only relevant to such
lines and are to be contrasted with the secondary line constants, which can be derived
from them, and are more generally applicable. The secondary line constants can be
used, for instance, to compare the characteristics of a wave guide to a copper line,
whereas the primary constants have no meaning for a waveguide.
The constants are conductor resistance and inductance, and insulator capacitance and
conductance, which are by convention given the symbols R, L, C, and G respectively.
The constants are enumerated in terms of per unit length. The circuit representation of
these elements requires a distributed element model and consequently calculus must be
used to analyse the circuit. The secondary constants of characteristic
impedance and propagation constant can be derived in this way.
A number of special cases have particularly simple solutions and important practical
applications. Low loss cable requires only L and C to be included in the analysis, useful
for short lengths of cable. Low frequency applications, such as twisted pair telephone
lines, are dominated by R and C only. High frequency applications, such
as RF co-axial cable, are dominated by L and C. Lines loaded to prevent distortion
need all four elements in the analysis, but have a simple, elegant solution.
There are four primary line constants, but in some circumstances some of them are
small enough to be ignored and the analysis can be simplified. These four, and their
symbols and units are as follows:

Name

Symbol

Units

Unit symbol

loop resistance

R

ohms per metre

Ω/m

loop inductance

L

henries per metre

H/m

insulator capacitance

C

farads per metre

F/m

insulator conductance G

siemens per metre S/m

R and L are elements in series with the line (because they are properties of the
conductor) and C and G are elements shunting the line (because they are properties of
the dielectric material between the conductors). G represents leakage current through
the dielectric and in most cables is very small. The word loop is used to emphasise that
the resistance and inductance of both conductors must be taken into account. For
instance, if a line consists of two identical wires that have a resistance of 25 mΩ/m
each, the loop resistance is double that, 50 mΩ/m. Because the values of the constants
are quite small, it is common for manufacturers to quote them per kilometre rather than
per metre; in the English-speaking world "per mile" can also be used.
The word "constant" can be misleading since there is some variation with frequency. In
particular, R is heavily influenced by the skin effect. Furthermore, while G has
virtually no effect at audio frequency, it can cause noticeable losses at high frequency
with many of the dielectric materials used in cables due to a high loss tangent.
Avoiding the losses caused by G is the reason many cables designed for use at UHF are
air-insulated or foam-insulated (which makes them virtually air-insulated). The actual
meaning of constant in this context is that the parameter is constant with distance. That
is the line is assumed to be homogenous lengthwise. This condition is true for the vast
majority of transmission lines in use today

7.6Propagation Constant, Phase and Group Velocities
The phase velocity of a wave is the rate at which the phase of the wave propagates
in space. This is the velocity at which the phase of any one frequency component of the
wave travels. For such a component, any given phase of the wave (for example,
the crest) will appear to travel at the phase velocity. The phase velocity is given in terms
of thewavelength (lambda) and period T asOr, equivalently, in terms of the
wave's angular frequency ω, which specifies angular change per unit of time,
and wavenumber (or angular wave number) k, which represents the proportionality
between the angular frequency ω and the linear speed (speed of propagation) .To
understand where this equation comes from, imagine a basic sine wave,A cos (kx−ωt).
Given time t, the source produces ωt/2π = ft oscillations. At the same time, the initial
wave front propagates away from the source through the space to the distance x to fit
the same amount of oscillations, kx = ωt. So that the propagation
velocity v is v = x/t = ω/k. The wave propagates faster when higher frequency
oscillations are distributed less densely in space.] Formally, Φ = kx−ωt is the phase.
Since ω = −dΦ/dt and k = +dΦ/dx, the wave velocity is v = dx/dt = ω/k.
Phasevelocity=




Groupvelocity=

𝑑𝑤
𝑑𝛽

7.7 Infinite Line Concept
The characteristic impedance or surge impedance (usually written Z0) of a
uniform transmission line is the ratio of the amplitudes of voltage and current of a
single wave propagating along the line; that is, a wave travelling in one direction in the
absence of reflectionsin the other direction. Characteristic impedance is determined by
the geometry and materials of the transmission line and, for a uniform line, is not
dependent on its length. The SI unit of characteristicimpedance is the ohm.
The characteristic impedance of a lossless transmission line is purely real, with
no reactive component. Energy supplied by a source at one end of such a line is

transmitted through the line without being dissipated in the line itself. A transmission
line of finite length (lossless or lossy) that is terminated at one end with an impedance
equal to the characteristic impedance appears to the source like an infinitely long
transmission line and produces no reflections.

Fig7.2 Infinite transmission lines
Transmission line drawn as two black wires. At a distance x into the line, there is
current phasor I(x)traveling through each wire, and there is a voltage
difference phasor V(x) between the wires (bottom voltage minus top voltage). If
the characteristic impedance of the line, then
rightward, or

is

for a wave moving

for a wave moving leftward.

7.8Losslessness/Low Loss Characterization
7.8.1 Lossless line(R=G=0):
    j  j LC    0,    LC , v p 

L
L
1


, Z0 
 R0  jX 0  R0 
, X0  0
C
C

LC

7.8.2Low-loss line(R<<ωL, G<<ωC):
    j  j LC (1 
Z0 

L
C
1
1 R G
G
),    LC , v p 
(  )]    ( R
C
L
2
2 j L C

L
1 R G
(  )]
[1 
C
2 j L C

Large-loss line(ωL<<R, ωC<< G):

  ( R  jL)(G  jC )    j  RG  (1  j
RG [1 

L
R

1

) 2 (1 

jC 12
) 
G

j L C
(  )]
2 R G

  RG ,  


2

(L 

R
1
R
G
G
) , v p  (L 
)
C
C
G
2
G
R
R

1
LC

Z0 

R
j L C
R  jL
R
jL 12
jC  12
(  )]
 [1 

 (1 
)  (1 
) 
G
2 R G
G  jC
G
R
G

7.9Condition for Distortionlessness and Minimum Attenuation
The condition for Distortionless line is (R/L=G/C)

    j 

C
C
( R  jL)    R
,    LC , v p 
L
L

1
LC

, Z0 

L
C

Eg.1 The following characteristics have been measured on a lossy transmission line at
100 MHz:Z0=50Ω, α=0.01dB/m=1.15×10-3Np/m, =0.8π(rad/m). Determine R,L,G,
and C for the line.
(Sol.) 50 

R  j 2 10 8 L
, 1.15×10-3+j0.8π= ( R  jL)(G  jC )  50  (G  j 2 108 C )
8
G  j 2 10 C

0.8
1.15
 80( pF / m) , G 
 10 3  2.3  10 5 ( S / m) ,
8
50
2  10  50
R  2500G  0.0575( / m) , L  2500C  0.2(F / m)

C 

Eg.2 A d-c generator of voltage and internal resistance is connected to a lossy
transmission line characterized by a resistance per unit length R and a conductance
per unit length G. (a) Write the governing voltage and current transmission-line
equations. (b) Find the general solutions for V(z) and I(z).
(Sol.) (a)   0    ( R  jL)(G  jC )  RG
d 2V ( z )
d 2 I ( z)
 RGV ( z ),
 RGI ( z )
dz 2
dz 2

(b) V ( z)  V0 e 

RG z

 V0 e

RG z

, I ( z )  I 0 e 

RG z

 I 0 e

RG z

Eg.3 A generator with an open-circuit voltage vg(t)=10sin(8000πt) and internal
impedance Zg=40+j30(Ω) is connected to a 50Ωdistortionless line. The line has a
resistance of 0.5Ω/m, and its lossy dielectric medium has a loss tangent of 0.18%. The
line is 50m long and is terminated in a matched load. Find the instantaneous

expressions for the voltage and current at an arbitrary location on the line.
(Sol.)0.18%=


G

 C  2.21  10 2 G , Vg=10j
 C
C
R
L C
=0.01Np/m,

  L  1.11  10 2 H / m ,   R
R G
L Z0

Distortionless,

   LC  L

V0 

Z 0Vg
Z0  Z g



C L

 5.58rad / m , =α+j =0.01+j5.58
L Z0

5
5
 j5 , V0  0 , V ( z )  V0 e z  (  j5)e ( 0.01 j 5.58) z
3
3

V ( z, t )  Re[V ( z )e j 8000t ] 
I ( z, t ) 

5 10 0.01z
e
 cos(8000t  5.58 z  71.6)
3

V ( z, t )
1

e 0.01z cos(8000t  5.58  71.6)
Z0
2 10

Relationship between transmission-line parameters:
G 12
 12
  ( R  jL)(G  jC )  j LC (1 
)  j  (1 
) 
jC
j
G/C=σ/εand LC=με
Eg.4 It is desired to construct uniform transmission lines using polyethylene (εr=2.25)
as the dielectric medium. Assume negligible losses. (a) Find the distance of separation
for a 300Ωtwo-wire line, where the radius of the conducting wires is 0.6mm; and (b)
find the inner radius of the outer conductor for a 75Ωcoaxial line, where the radius of
the center conductor is 0.6mm.
(Sol.)Two-wire line: C 

L
Z 0  300 

C

Coaxial line: C 


cosh ( D / 2a)

cosh 1 (



1

D
)
2a 

, L

D

cosh 1 ( ) , a=0.6mm, ε=2.25ε0
2a


4  10 7
 D  25.5mm
1
9
2.25 
 10
36

2
b

, L
ln( )
2
a
ln(b / a)

b
ln( )
L
a 
a=0.6mm, Z 0  75 

C
2

4  10 7
 b=3.91mm
1
9
 10
2.25 
36

Eg.5 Consider a transmission line made of two parallel brass stripsσc=1.6×107S/m of
width 20mm and separated by a lossy dielectric slab = 0, εr=3,σ=10-3S/m of thickness
2.5mm. The operating frequency is 500MHz. (a) Calculate the R, L, G,and C per unit
length. (b)Find andZ0.
(Sol.) (a) R 
L  0

2 f 0
w
 1.11( / m) , G    8  10 3 ( S / m)
w c
d

d
w
 1.57  10 7 ( H / m) , C    2.12  10 10 ( F / m)
w
d

(b) = ( R  jL)(G  jC) =18.13∠-0.41°, ω=2π×500×106,Z0=

R  jL
=27.21∠0.3°
G  jC

Eg.6 Consider lossless stripline design for a given characteristic impedance. (a) How
should the dielectric thicknessd be changed for a given plate width w if the dielectric
constantεris doubled? (b) How should w be changed for a given d ifεr is doubled? (c)
How should w be changed for a givenεr if d is doubled?
(Sol.) Z 0 

L d

C w




(a)   2  d  2d , (b)   2  w 

w
2

(c) d  2d  w  2w

Unit-VIII
Transmission Lines – II
8.1 Input Impedance Relations:
The input impedance of a transmission is calculated as

Fig.8.1 Input Impedance Calculation

Zi= ( Z ) z 0  Z 0
z ' 

Z L  Z 0 tanh 
.
Z 0  Z L tanh 

 z
 z



V0
V0
V ( z )  V0 e  V0 e ...(1)
(Proof) 
, Z0     
 z
 z
I0
I0



I
(
z
)
I
e
I
e
.....(
2
)
0
0


Let z=l, V(l)=VL, I(l)=IL
  1
VL  V0  e   V0  e 
V0  (VL  I L Z 0 )e 



2



V0  V0   
e
e 
I L 
V   1 (V  I Z )e 
0
L
L 0
Z0
Z0


2

IL

 (  z )
 ( Z L  Z 0 )e  (  z ) ]
V ( z )  2 [( Z L  Z 0 )e

 I ( z )  I L [( Z L  Z 0 )e  (  z )  ( Z L  Z 0 )e  (  z ) ]
2Z 0


IL

'
z '
z '
V ( z ' )  I L ( Z L cosh z ' Z 0 sinh z ' )
V ( z )  2 [( Z L  Z 0 )e  ( Z L  Z 0 )e ]



IL
I

I
z
(
'
)
( Z L sinh z ' Z 0 cosh z ' )
'
'
z
z



L
I ( z ' ) 
[( Z L  Z 0 )e  ( Z L  Z 0 )e ] 
Z0

2Z 0
Z  Z 0 tanh z '
Z  Z 0 tanh 
 Z ( z' )  Z 0 L
, Zi= ( Z ) z  0  Z 0 L
Z 0  Z L tanh z '
Z 0  Z L tanh 
z ' 
Lossless case(α=0, =j , Z0=R0, tanh( l)=jtan l):
Z  jR0 tan l
Zi= R0  L
R0  jZ L tan l

Eg.1A2m lossless air-spaced transmission line having a characteristic impedance 50Ω
is terminated with an impedance 40+j30(Ω) at an operating frequency of 200MHz.
Find the input impedance.
 4
  , R0  50 , Z L  40  j30 ,   2m
(Sol.)  
vp 3

4
 2)
3
 26.3  j 9.87
Z i  50
4
50  j (40  j 30)  tan(  2)
3
(40  j 30)  j50  tan(

Eg.2 A transmission line of characteristic impedance50Ωis to be matched to a load
ZL=40+j10(Ω) through a length l’ of another transmission line of characteristic
impedanceR0’. Find the required l’ and R0’ for matching.

40  j10  jR0'  tan '
 R0 '  1500  38.7(), '  0.105
(Sol.) 50  R  '
R0  j (40  j10)  tan '
'
0

Eg.3 Prove that a maximum power is transferred from a voltage source with an
internal impedance Zg to a load impedance ZL over a lossless transmission line
whenZi=Zg*, where Zi is the impedance looking into the loaded line. What is the
maximum power transfer efficiency?
Zi
V
V
, Vi 
(Proof) I i 
Zi  Z g
Zi  Z g
2

( Power ) out

Ri V
1
 Re[Vi I i *] 
2
2[( Ri  Rg ) 2  ( X i  X g ) 2 ]

When Ri  Rg and X i   X g , ( Power ) out  Max ,

In this case, ( Power ) out

2

Zi  Z g *
2

V
( Power ) out 1
1
, Ps  Re[VI i *] 
, e


4 Rg
2
2 Rg
Ps
2
V

8.2SC and OC Lines
1. Open-circuit termination (ZL→∞):Zi=Zio=Z0coth( l)
2. Short-circuit termination (ZL =0): Zi=Zis=Z0tanh( l)

Z is
1
Z0= Z i 0  Z is , = tanh 1

Zi0
3. Quarter-wave sectionin alossless case (l= /4, l=π/2): Z i 

2

R0
ZL

4. Half-wave sectionin alossless case (l= /2, l=π): Z i  Z L
Eg.4 The open-circuit and short-circuit impedances measured at the input terminals of
an air-spaced transmission line 4m long are 250∠-50°Ωand 360∠20°Ω,respectively.
(a)Determine Z0, α, and of the line.(b) Determine R,L,G, and C.
(Sol.) (a) Z 0  250e  j 50  360e j 20  289.8  j 77.6 ,

36020
1
  tanh 1
 0.139  j 0.235    j
250  50
4
(b) R  jL  Z 0    58.5  j57.3 , L 
G  jC 


Z0

57.3





 24.5  10 5  j8.76  10 4 , C 

57.3
 0.812( H / m)
c

8.76  10 4
 12.4( pF / m)
c

Eg.5 Measurements on a 0.6m lossless coaxial cable at 100kHz show a capacitance of
54pF when the cable is open-circuited and an inductance of 0.30 H when it is
short-circuited. DetermineZ0and the dielectric constant of its insulating medium.
54  10 12
0.3  10 6
11
(Sol.) (a) C 
 9  10 ( F / m) , L 
 5  10 7 ( H / m)
0.6
0.6

Lossless  Z 0  R0 

L
=74.5Ω,    0  r  0 r  LC   r  4.05
C

8.3Reflection Coefficient and VSWR
General expressions for V(z) and I(z) on the transmission lines:
Z  Z0
Let Γ= L
  e j  , z’=l-z
Z L  Z0

IL

 2z '
z '
V ( z ' )  2 ( Z L  Z 0 )  e  [1  e ]

I ( z ' )  I L ( Z L  Z 0 )  e z '  [1  e 2z ' ]

2Z 0
IL

j (   2z ')
z '
]
V ( z ' )  2 ( Z L  Z 0 )  e  [1   e

 I ( z ' )  I L ( Z L  Z 0 )  e z '  [1   e j (  2z ') ]

2Z 0
For a lossless line, V(z)=

Z 0Vg
Z0  Z g

e  jz [1  e  j 2  (  z ) ]

Eg.6A 100MHz generator with Vg=10∠0° (V) and internal resistance 50Ωis
connected to a lossless 50Ωair line that is 3.6m long and terminated in a 25+j25(Ω)
load. Find (a)V(z) at a location z from the generator, (b) Viat the input terminals and
VLat the load, (c)the voltage standing-wave radio on the line, and (d) the average
power delivered to the load.
(Sol.)

Vg  100(V )

,

Z g  50()

,

f  108 ( Hz)

,

Z 0  50()

,

Z L  25  j 25  35.3645() ,



2 10 8 2

(rad / m) ,   2.4 (rad / m)
  3.6(m) ,   
c 3  108
3
Z  Z 0 (25  j 25)  50

 L
 0.4470.648 , g  0
Z L  Z 0 (25  j 25)  50

(a) V ( z ) 

Z 0Vg
Z0  Z g

e  jz [1  e  j 2  (  z ) ]  5[e  j 2z / 3  0.447e j ( 2 z / 30.152) ]

(b) Vi  V (0)  5(1  0.447e  j 0.152 )  7.06  8.43(V )
(c) VL  V (3.6)  5[e  j 0.4  0.447e j 0.248 ]  4.47  45.5(V )

1 

2

1  0.447
1 VL
1 4.47 2
 2.62 , Pav 

(d) S 
RL  (
)  25  0.200(W )
1   1  0.447
2 ZL
2 35.36

Eg.7 A sinusoidal voltage generator Vg=110sin(ωt)and internal impedance Zg=50Ωis
connected to a quarter-wave lossless line having a characteristic impedance
Z0=50Ωthat is terminated in a purely reactive loadZL=j50Ω.(a) Obtain the voltage and
current phasor expressionsV(z’)and I(z’). (b)Write the instantaneous voltage and
current expressions V(z’,t)and I(z’,t).
(Sol.) (a) Vg  110 j,  
(c) V ( z' ) 
I ( z' ) 

Z 0Vg
Z0  Z g

Vg
Z0  Z g

Z g  Z0
Z L  Z 0 50 j  50


 j, g 
 0,  
4
Z L  Z 0 50 j  50
Z g  Z0

e  jz '  (1  e 2 jz ' )  j55(e  jz '  je jz ' ) ,

e  jz '  (1  e 2 jz ' )   j1.1(e  jz '  je jz ' )

P  V ( z'  0, t ) I ( z'  0, t )  60.5 cos(2t ) , Pav 

1 T
Pdt  0
T 0

(b) V ( z' , t )  Im[V ( z' )e jt ]  55[sin(t  z' )  cos(t  z' )]
I ( z' , t )  Im[ I ( z' )e jt ]  1.1[sin(t  z' )  cos(t  z' )]
Eg.8 A sinusoidal voltage generator with Vg=0.1∠0° (V) and internal impedance
Zg=Z0is connected to a lossless transmission line having a characteristic impedance
Z0=50Ω.The line is l meters long and is terminated in a load resistanceZL=25Ω. Find
(a)Vi,Ii,VL,andIL; (b) the standing-wave radio on the line; and (c) the average power
delivered to the load.
(Sol.) (a)  

Z g  Z0
Z L  Z0
1
1
0.1
  , g 
 0 , Vi  V ( z '  ) 
(1  e 2 j )
3
Z L  Z0
Z g  Z0
3
2

I i  I ( z '  ) 

1
0.1
 (1  e 2 j )
3
100

VL  V ( z '  0) 
I L  I ( z '  0) 

(b) S 

1 
1 

1  j
1
0.1  j
e (1  ) 
e
30
3
2

1  
1
0.1  j
e (1  ) 
e
750
3
100

 2 , (c) Pav 

1
Re[VL I L *]  2.22  10 5 W
2

Eg.9 Consider a lossless transmission line of characteristic impedanceR0. A
time-harmonic voltage source of an amplitude Vg and an internal impedanceRg=R0 is
connected to the input terminals of the line, which is terminated with a load
impedanceZL=RL+jXL. Let Pinc be the average incident power associated with the
wave traveling in the +z direction.(a) Find the expression for Pinc in terms of Vg and
R0. (b)Find the expression for the average power PLdelivered to the load in terms of
Vg and the reflection coefficient Γ. (c)Express the ratio PL/Pincin terms of the
standing-wave ratio S.
(Sol.) V ( z )  V0 e  jz  V0 e jz , I ( z ) 
I inc ( z  0)  I 0 

Vg
1
,
(V0 e  jz  V0 e jz ) , Vinc ( z  0)  V0 
2
R0

Vg
2 R0
2

2
V0
Vg
1


(a) Pinc  Re[V0 ( I 0 )*] 

2
2 R0
8R0

(b) PL  1 Re[V ( z ) I * ( z )]  1 Re[(V0 e  jz  V0 e jz )(V0*e jz  V0*e  jz )]  1 {V0 2  V0 2 }



V0

(c)

2

2 R0

2 R0

2 R0

2

2

{1   } 

Vg

2

8R0

2

{1   }

PL
S 1 2
4S
2
 1   1 (
) 
Pinc
S 1
( S  1) 2

Case 1For apure resistive load:ZL=RL
V ( z ' )  VL  cos z ' jI L R0  sin z ' 
2
2
2
 V ( z ' )  VL  cos z '( R0 / RL ) sin z '



VL
I ( z ' )  I L  cos 2 z '( RL / R0 ) 2 sin 2 z '

I ( z ' )  I L  cos z ' j R  sin z '

0


S

1 
1 

, 

S 1
 1. Γ=0  S=1 when ZL= Z0 (matched load)
S 1

2.Γ=-1  S=∞ when ZL=0 (short-circuit), 3. Γ=1  S=-∞ when ZL=∞ (open-circuit)

Vmax & I min occurs at    2z 'max  2n
Vmin & I max occurs at   2z'min  (2n  1)
If RL  R0    0     0, z ' max 

n
, n  0,1,2,3....
2

If RL  R0    0      , z ' min 
If RL    z ' max 

n
2

n
2

Eg.10 The standing-wave radio S on a transmission line is an easily measurable
quality. Show how the value of a terminating resistance on a lossless line of known
characteristic impedance R0 can be determined by measuring S.
(Sol.) If RL  R0 ,    0 , Vmax occurs at z ' 0 and Vmin occurs at z '   .
2

Vmax  VL , Vmin  VL

Vmax
I max
R0
R
R

S L
, I min  I L , I max  I L L ,
I min
R0
RL
R0 Vmin

or

RL  SR0 .

If RL  R0 ,     , Vmin occurs at z ' 0 , and Vmax occurs at z '   .
2

Vmin  VL , Vmax  VL
RL 

R0
S

R0
,
RL

I max  I L ,

I min  I L

I max
R
RL Vmax

 S  0 or
.
RL
I min
R0 Vmin

Case 2For a lossless transmission line, and arbitrary load:
R  jR0 tan m
ZL= R0  m
, zm’+lm=λ/2
R0  jRm tan m
Find ZL=?
1.  

S 1
,
S 1

2. At θΓ=2 zm’-π,V(z’) is a minimum.
3. ZL=RL+jXL = R0 

1   e j 
1 e

j 

 R0 

1 
1 

Eg.11 Consider a lossless transmission line. (a)Determine the line’s characteristic
resistance so that it will have a minimum possible standing-wave ratio for a load
impedance 40+j30(Ω).(b)Find this minimum standing-wave radio and the
corresponding voltage reflection coefficient.(c)Find the location of the voltage
minimum nearest to the load.
(Sol.)


1   dS
40  R0  j30
(40  R0 ) 2  30 2 1 2
Z L  R0
1
,
] , S
 0  R0  50   

[
2
2
1   dR0
3
40  R0  j30
Z L  R0
(40  R0 )  30

 S  2,  
z min ' 

Z L  R0  10  j30 1

1


   90    ,    
Z L  R0
90  j30
3
3
2
2

1


  3
(  )  , m   
2 8
8
2
2
8

Eg.12SWR on a lossless 50Ωterminated line terminated in an unknown load
impedance is 3. The distance between successive minimum is 20cm. And the first
minimum is located at 5cm from the load. DetermineΓ,ZL,lm, and Rm.
(Sol.)



2

 0.2    0.4m,  

2



 5


3 1
 0.5, z' m  0.05  m   zm ' =0.15m
31
2

   2z m '  0.5 ,    e j  0.5e  j 0.5  


j
2

j
)
R  j50 tan m
2
R0  50, Z L  50 
 30  j 40  50  m
j
50  jR m tan m
1  ( )
2
1 (

 Rm 

50
 16.7()
3

Eg.13 A lossy transmission line with characteristic impedance Z0 is terminated in an
arbitrary load impedanceZL.(a) Express the standing-wave radio S on the line in terms
ofZ0 and ZL.(b) Find the impedance looking toward the load at the location of a
voltage maximum. (c) Find the impedance looking toward the load at a location of a
voltage minimum.

1 
Z L  Z 0  Z L  Z 0 e 2z '
Z L  Z 0 2z '
, S
e

(Sol.) (a)  
1 
Z L  Z0
Z L  Z 0  Z L  Z 0 e 2z '
(b)    2z max '  2n  e j  e  2z


(c)    2z min '  (2n  1)  e

Z ( z min ' )  Z 0 

1   e 2zmin '
1  e

 2z min '



max

j 

'

e

e

 2z max '

2zmin '

Z0
S ( z min ' )

,  Z ( z max ' )  Z 0 

 e

2zmin '

1   e 2z max '
1  e

 2z max '



Z0
S ( z max ' )

8.4

Smith Chart – Configuration and Applications

The primary objectives of this article are to review the Smith chart's construction
and background, and to summarize the practical ways it is used. Topics addressed
include practical illustrations of parameters, such as finding matching network
component values. Of course, matching for maximum power transfer is not the only
thing we can do with Smith charts. They can also help the designer with such tasks as
optimizing for the best noise figures, ensuring quality factor impact, and assessing
stability analysis.

Fig8.1 Complete transmission
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Several salient properties of the r-circles:
1. The centers of all r-circles lie on the Γr-axis.
2. The r=0 circle, having a unity radius and centered at the origin, is the largest.
3. The r-circles become progressively smaller as r increases from 0 toward ∞,
ending at the (Γr=1,Γi=0) point for open-circuit.
4. All r-circles pass through the (Γr=1,Γi=0) point.
Salient properties of the x-circles:
1. The centers of all x-circles lie on theΓr=1 line, those for x>0(inductive reactance)
lie above theΓr–axis, and those for x<0 (capacitive reactance) lie below theΓr–axis.
2. The x=0 circle becomes theΓr–axis.
3. The x-circle becomes progressively smaller as |x| increases from 0 toward ∞,
ending at the (Γr=1,Γi=0) point for open-circuit.
4. All x-circles pass through the (Γr=1,Γi=0) point.
Summary
1. All |Γ|–circles are centered at the origin, and their radii varyuniformly from 0 to 1.
2. The angle, measured from the positive real axis, of theline drawn from the origin
through the point representingzL equalsθΓ.
3. The value of the r-circle passing through the intersectionof the |Γ|–circle and the
positive-real axis equals thestanding-wave radio S.

8.5Applicationof Smith Chartinlosslesstransmissionline:
V ( z' )
1  e  j 2 z '
Z i ( z' ) 
],
 z0 [
I ( z' )
1  e  j 2 z '
j
Z i ( z ) 1  e  j 2 z ' 1   e
zi ( z' ) 


when      2z'
Z0
1  e  j 2 z ' 1   e j

keep|Γ| constant and subtract (rotate in the clockwise direction) an angle
 2z ' 

4z '

fromθΓ. This will locate the point for |Γ|ejφ, which determine Zi.


Increasingz’  wavelength toward generator in the clockwise direction

A change of half a wavelength in the line length z ' 
 A change of
2

2 (z' )  2 inφ.

Eg. Use the Smith chart to find the input impedance of a section of a 50Ωlossless
transmission line that is 0.1 wavelength long and is terminated in a short-circuit.
(Sol.)Given z L  0 , R0  50() , z' 0.1
1. Enter the Smith chart at the intersection of r=0 and x=0(point Psc on the
extreme left of chart; see Fig.)
2. Move along the perimeter of the chart (   1) by 0.1 “wavelengths toward
generator’’ in a clockwise direction to P1.
At P1, read r=0 and x  0.725 , or z i  j 0.725 , Z i  50( j 0.725)  j36.3() .
Eg.14 A lossless transmission line of length 0.434λand characteristic impedance
100Ωis terminated in an impedance 260+j180(Ω). Find (a) the voltage reflection
coefficient, (b) the standing-wave radio, (c) the input impedance, and (d) the location
of a voltage maximum on the line.
(Sol.)(a) Given l=0.434λ, R0=100Ω, ZL=260+j180
1. Enter the Smith chart at zL=ZL/R0=2.6+j1.8 (point P2 in Fig.)
2. With the center at the origin, draw a circle of

radius

OP 2    0.60 .( OP sc =1)

3. Draw the straight line OP2 and extend it to P2’ on the periphery. Read
0.22 on “wavelengths toward generator” scale.   = 21 ,

   e j  0.6021 .

(b) The   0.60 circle intersects with the positive-real axis OPoc at r=S=4.
(c) To find the input impedance:
1. Move P2’ at 0.220 by a total of 0.434 “wavelengths toward generator,” first to
0.500 and then further to 0.154 to P3’.
2. Join O and P3’ by a straight line which intersects the   0.60 circle at P3.
3. Read r=0.69 and x=1.2 at P3. Z i  R0 zi  100(0.69  j1.2)  69  j120() .
(d) In going from P2 to P3, the   0.60 circle intersects the positive-real axis

OPoc at PM, where the voltage is a maximum. Thus a voltage maximum
appears at (0.250-0.220)  or 0.030  from the load.

8.6Transmission-line Impedance Matching
When dealing with the practical implementation of RF applications, there are
always some nightmarish tasks. One is the need to match the different impedances of
the interconnected blocks. Typically these include the antenna to the low-noise
amplifier (LNA), power-amplifier output (RFOUT) to the antenna, and LNA/VCO
output to mixer inputs. The matching task is required for a proper transfer of signal and
energy from a "source" to a "load."
At high radio frequencies, the spurious elements (like wire inductances, interlayer
capacitances, and conductor resistances) have a significant yet unpredictable impact on
the matching network. Above a few tens of megahertz, theoretical calculations and
simulations are often insufficient. In-situ RF lab measurements, along with tuning
work, have to be considered for determining the proper final values. The computational
values are required to set up the type of structure and target component values.
There are many ways to do impedance matching, including:


Computer simulations: Complex but simple to use, as such simulators are
dedicated to differing design functions and not to impedance matching.
Designers have to be familiar with the multiple data inputs that need to be
entered and the correct formats. They also need the expertise to find the useful
data among the tons of results coming out. In addition, circuit-simulation
software is not pre-installed on computers, unless they are dedicated to such an
application.



Manual computations: Tedious due to the length ("kilometric") of the
equations and the complex nature of the numbers to be manipulated.



Instinct: This can be acquired only after one has devoted many years to the RF
industry. In short, this is for the super-specialist.
Smith chart: Upon which this article concentrates.



The primary objectives of this article are to review the Smith chart's construction and
background, and to summarize the practical ways it is used. Topics addressed include
practical illustrations of parameters, such as finding matching network component
values. Of course, matching for maximum power transfer is not the only thing we can
do with Smith charts. They can also help the designer with such tasks as optimizing for
the best noise figures, ensuring quality factor impact, and assessing stability analysis.
Impedance matching by λ/4-transformer:R0’= R0 RL

Eg.15 A signal generator is to feed equal power through a lossless air transmission
line of characteristic impedance 50Ωto two separate resistive loads, 64Ωand 25Ω.
Quarter-wave transformers are used to match the loads to the 50Ωline. (a) Determine
the required characteristic impedances of the quarter-wave lines. (b) Find the
standing-wave radios on the matching line sections.

(Sol.) (a) Ri1  Ri 2  2R0  100() .
'
'
R01
 Ri1 RL1  100  64  80() , R02
 Ri 2 RL 2  100  25  50()

(b) Matching section No. 1:
'
1  1 1  0.11
RL1  R01
64  80
S


 1.25
,


0
.
11

1 
1
'
1  1 1  0.11
64  80
RL1  R01

Matching section No. 2:
'
1  2 1  0.33
RL 2  R02
25  50
S


 1.99
,


0
.
33

2 
2
'
1  2 1  0.33
25  50
RL 2  R02

Applicationof Smith Chart inobtaining admittance:

YL  1 / Z L , z L 

ZL
1
1


, where y L  YL / Y0  Y0 / G0  R0YL  y  jb
R0 R0YL y L

Eg.16 Find the input admittance of an open-circuited line of characteristicimpedance
300Ωand length 0.04λ.
(Sol.) 1. For an open-circuited line we start from the point Poc on the extreme right of
theimpedance Smith chart, at 0.25 in Fig.
2. Move along the perimeter of the chart by 0.04 “wavelengths toward generator” toP3
(at 0.29).
3. Draw a straight line from P3 through O, intersecting at P3’ on the opposite side.
4. Read at P3’: yi  0  j 0.26 , Yi 

1
(0  j 0.26)  j 0.87mS .
300

8.7 Applicationof Smith Chartinsingle-stub matching:
Yi  YB  YS  Y0 

1+jbs=yB,

1
 1  y B  y S , where yB=R0YB, ys=R0Ys
R0

ys=-jbs and lB is required to cancel the imaginary part.

Using the Smith chart as an admittance chart, we proceed as yLfollows for
single-stub matching:
1. Enter the point representing the normalized load admittance.
2. Draw the |Γ|-circle foryL, which will intersect the g=1 circle at two points. At these
points, yB1=1+jbB1 and yB2=1+jbB2. Both are possible solutions.
3. Determine load-section lengths d1 and d2 from the angles between the point
representing yL and the points representing yB1 and yB2.
Determine stub length lB1 and lB2 from the angles between the short-circuit point on
the extreme right of the chart to the points representing –jbB1 and –jbB2, respectively.

Eg.16 A 50Ωtransmission line is connected to a load impedance ZL= 35-j47.5(Ω).
Find the position and length of a short-circuited stub required to match the line.

(Sol.)Given

1. Enter

R0  50() , Z L  35  j 47.5() , z L  Z L / R0  0.70  j 0.95

z L on the Smith chart as P1 . Draw a  –circle centered at O with radius OP1 .

2. Draw a straight line from

P1 through O to P' 2 on the perimeter, intersecting the  –circle at

P2 , which represents y L . Note 0.109 at P' 2 on the “wavelengths toward generator” scale.
3. Two points of intersection of the

At

 –circle with the g=1 circle.

P3 : y B1  1  j1.2  1  jbB1 . At P4 : y B 2  1  j1.2  1  jbB 2 ;

4. Solutions for the position of the stubs:
For

P3 (from P' 2 to P '3 ): d1  (0.168  0.109)  0.059

For

P4 (from P' 2 to P' 4 ): d 2  (0.332  0.109)  0.223

For

P3 (from Psc to P' '3 , which represents  jbB1   j1.2 ):

B1  (0.361  0.250)  0.111
For

P4 (from Psc to P"4 , which represents  jbB 2  j1.2 ):

B 2  (0.139  0.250)  0.389

Fig8.2.Simth chart

